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A NEW UNCOUNTABLY CATEGORICAL GROUP

ANDREAS BAUDISCH

ABSTRACT. We construct an uncountably categorical group with a geometry
that is not locally modular. It is not possible to interpret a field in this group.
We show the group is CM-trivial.

1. INTRODUCTION

Let T be a countable complete first order theory. T is called A-categorical if
all models of T of cardinality A are isomorphic. In [15] M. D. Morley proved J.
Lo$’s conjecture that a theory T that is categorical in some uncountable power is
categorical in every uncountable power. These uncountably categorical theories are
the simplest case of a theory T that allows the classification of its models in the
sense of S. Shelah [22]. The main examples of such theories are the theories of
algebraically closed fields of a given characteristic. The classification of the models
of an uncountably categorical theory is given by the unique size of a “transcendence
basis” of the models, similar to the classification of algebraically closed fields by
Steinitz [1].

For any uncountably categorical theory T one can find a formula ¢(z) (with
auxiliary parameters) which is strongly minimal in the sense that the set defined by
¢ in any model of T' cannot be split into two infinite definable sets. The appropriate
generalization of the notion of “transcendence degree” involves a combinatorial
geometry with the Steinitz exchange property, which is defined on any strongly
minimal set.

Let D be any set. Assume that ¢l is an operator from the set of finite subsets
of D into the set of subsets of D. We say that ¢l defines a pregeometry on D if
the following conditions are fulfilled. Let a,b be elements of D and A, B be finite
subsets of D:

i) ACcl(A).

ii) A C B implies cl(A) C cl(B).

iil) cl(cl(A)) = cl(A).
iv) If a € cl(AU{b}) \ cl(A), then b € cl(AU{a}).

A pregeometry is called a geometry if cl({a}) = {a} for each point a. One may
pass from a pregeometry to a geometry by removing cl(f)) and taking the closures
of the remaining points as the points of a geometry. There is a natural geometry
on any strongly minimal set in which ¢l(A) is the union of all finite A-definable
sets; this is called the algebraic closure in the sense of model theory. Hence every
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strongly minimal formula of T defines a geometry for T, and all the geometries
obtained in this way are isomorphic up to finite localizations. We speak of the
geometry of T'.

Let us mention the following examples:

1) The theory of the successor function on the naturals. The corresponding
geometry is disintegrated, i.e.: a € cl(A) if and only if a € A.

2) The theory of a vector space where the language contains 4+, —, 0 and a
unary function for each element of the base field, corresponding to scalar
multiplication by that element. The corresponding geometry is the projective
geometry. This geometry is modular: If X and Y are closed sets, then the
geometrical dimension d fulfills the following equation:

AX)+d(Y)=dXNY)+dX UY).

3) The theory of an algebraically closed field. The corresponding geometry is
not locally modular. That means even a localization of the geometry at a
finite set is not modular.

First B. Zil'ber [25] tried to classify uncountably categorical theories T' according
to their geometries. He proved:

o If the geometry is disintegrated, then no group is interpretable in T'.
Then E. Hrushovski showed:

e If the geometry is not disintegrated but still locally modular, then a group
but no field is interpretable in 7.

B. Zil'ber conjectured that in the the remaining case (the geometry is not locally
modular) a field is interpretable in 7. In 1988 E. Hrushovski [12] found a counterex-
ample of an uncountably categorical theory with a non-locally-modular geometry
and without the possibility of interpreting a group. The aim of this paper is to
construct a pure group with an uncountably categorical theory and a non-locally-
modular geometry that does not allow the interpretation of a field. “Pure group”
means that we work in the language of group theory only.

There are only two possibilities in searching for such a group G. Either G is a
nilpotent group of bounded exponent, or a quotient of definable subgroups of G
is a counterexample to the Cherlin-Zil’ber Conjecture that every simple group of
finite Morley rank is an algebraic group over an algebraically closed field. This is
shown in section 2. We consider nilpotent groups of class 2 with exponent p where
p is a prime greater than 2. Note that an uncountably categorical pure group has
a locally modular geometry if and only if it is abelian by finite [13].

We transfer the construction of a Hrushovski-geometry in relational languages
[12] (see also [10]) to the case of a pure group. The most difficult part is the proof
of the corresponding Amalgamation Theorems.

The final group is obtained by the method of successive amalgamation as intro-
duced by R. Fraissé [9]. We want to amalgamate finite nilpotent groups of class
2 of exponent p > 2 with the additional property that the commutator subgroup
is the center. But it is more convenient to work in an auxiliary category & whose
objects are vector spaces V over a finite field F), of order p together with a dis-
tinguished subspace N (V) of the exterior square A2V (see section 3). There is a
functorial correspondence between the groups above and S that is 1-1 at the level
of isomorphism types of objects. We lose some morphisms.
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In the relational case E. Hrushovski defined a function
6(A) = number of elements — number of relations

for all finite substructures A of the structure under consideration. The correspond-
ing function in our construction is

6(H) =dim(H) — dim(N(H))

where H is a finite subspace of the underlying vectorspace V of a structure in &
and dim is the linear dimension. Note that by definition N(H) = N(V) N A%2H.
We only consider structures in S that fulfill the following condition:

(X3): For all finite subspaces H of V we have §(H) > 3 if dim(H) > 3, and
6(H) = dim(H) otherwise.

As in the relational case, 6 can be used to define a pregeometry cl on V provided
(223) is fulfilled. We give a short description of the definition of ¢l. A finite subspace
H of V is called selfsufficient if §(K) > 6(H) for all finite K with H C K C V.
Every finite subspace H is contained in the smallest finite selfsufficient subspace
CSS(H) that is contained in every selfsufficient extension of H. Then we can define
the desired pregeometry by

a€cllay,...,ay) iff 6(CSS({{a1,...,an}))) =6(CSS({a,a1,...,an}))).

The details of the definitions of all notions above are given in section 3.

Now assume that A is a subspace of B and both are finite subspaces of V in
some S-structure. Then B is called a minimal extension of A if §(A) = §(B)
and 6(K) > 6(A) for all K with A C K C B and A # K # B. To describe
the amalgamation process let A, B, and C be finite structures in S such that A
is a common substructure of B and C, and B is a minimal extension of A. If
A is selfsufficient in C' and B is not realized in C over A, then we replace C' by
the following free amalgam D = B x4 C' of B and C over A: The underlying
vectorspace D is B ©4 C, and N(D) is the subspace N(B) + N(C) of A2D. The
First Amalgamation Theorem in section 4 ensures that D satisfies (33) again,
provided that A, B, and C fulfil (¥3). Section 5 contains some preparations for the
argument in section 6.

Let (M, N(M)) be the final S-structure produced by the amalgamation process
described above. Let G be the corresponding group and let G' be G/Z(G) where
Z(@) is the center of G. Then we can identify the vector spaces M and G. We
have to modify the construction in such a way that we get ¢l = acl on G, where
cl is the pregeometry given by (M, N(M)) and acl is the algebraic closure on G
given by the group G. For this it is sufficient that the number of realizations of
a minimal extension K over H has a bound which depends only on dim(K). The
complicated condition (¥4) implies such a bound. In section 6 we prove that (34) is
preserved by the described amalgamation (Second Amalgamation Theorem). Then
we can show that the theory X of the corresponding group will be uncountably
categorical and its geometry will be given by ¢l on M. In section 7 the construction
of the group and the final results are given apart from the non-interpretability of
a field. This will be done in section 8. We show CM-triviality of the theory .
CM-triviality was introduced by E. Hrushovski in [12]. This implies the desired
non-interpretability of a field. In the first version of this paper we proved directly
that every group H that we can interpret in our group is nilpotent by finite and
bounded.
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2. ON GROUPS OF FINITE MORLEY RANK

If G is a group, then let [X, Y] be the set {[a,b] : a € X,b € Y'}. For subsets X C
G let (X)) be the subgroup generated by X. Hence we can define the commutator
subgroup G’ as ([X,Y]). We use Z(G) to denote the center of G.

Uncountably categorical theories are w-stable of finite Morley rank. A group is
called connected if it contains no proper definable subgroup of finite index. An w-
stable group G contains a definable connected normal subgroup GV of finite index.
It is called the connected component of G.

There is a well-known conjecture of G. Cherlin and B. Zil'ber that every simple
infinite group of finite Morley rank is an algebraic group over an algebraically closed
field. Combining a number of known results, we obtain the following;:

Theorem 2.1. Let G be a group of finite Morley rank that does not allow the
interpretation of an infinite field. Fither we get a counterexample to the Cherlin -
Zil'ber - Conjecture as a quotient of definable subgroups of G, or G° = A% B where
A is Abelian and B is a nilpotent definable subgroup of bounded exponent. (Here x
denotes a central product.)

Proof. Even in the superstable case there are definable subgroups Hy < H; < ... <
H, = G° of G where H;,1/H; is infinite and furthermore either abelian or simple
over a finite center. In the case of finite Morley rank this follows from Zil'ber’s
Indecomposability Theorem ([23], see [7]). The proof for superstable groups is
found in [5]. Hence we either have an infinite simple group as a quotient of definable
subgroups of G, or else G is soluble. We need the following result of Zil'ber [24]:

Theorem 2.2. In every connected soluble non-nilpotent group of finite Morley rank
it is possible to interpret a field.

In a simple algebraic group over an algebraically closed field one can find a
definable connected soluble non-nilpotent subgroup. By Theorem 2.2 a field is
definable. Hence if we get a simple group above, then it is a counterexample to the
Cherlin-Zil'ber Conjecture. Otherwise we know that GV is soluble. By Theorem
2.2 again we obtain that G is nilpotent.

Note that B. Zil'ber [26] has shown that every torsion-free nilpotent uncount-
ably categorical group is an algebraic group over an algebraically closed field.
C. Griinenwald and F. Haug obtained the following (Theorem 2.3 in [11] ):

Theorem 2.3. Let G be a non-Abelian nilpotent stable group. Assume that the
commutator subgroup G’ is torsion-free. Then an infinite field of characteristic 0
is interpretable.

Furthermore we need the following result of A. Nesin [16]:

Theorem 2.4. Let G be an w-stable nilpotent group. Then there are definable
characteristic subgroups D and B such that D is divisible, B has finite exponent,
G = DB, and [D,B] = (1). D can be decomposed as D = DT & F, where D% is
the central subgroup of torsion elements of D and F' is a torsion-free subgroup.
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Now our group G° has the structure described by Theorem 2.4. If D is Abelian,
then D is central and the assertion follows. Otherwise consider the definable sub-
group D. Then D’ = F’. F’ is torsion-free and non-trivial. By Theorem 2.3 it is
possible to interpret a field, a contradiction. O

Theorem 2.1 gives the motivation to consider only groups G, that satisfy the
following property:

(X1): G is nilpotent of class 2 and of exponent p, where p is a fixed prime greater
than 2.

Let F.(p,x) be the free group in the variety of nilpotent groups of class ¢ and of
exponent p (p > ¢). & is the number of free generators. Let & be infinite. In [2]
it is shown that F.(p, k) has an w-stable theory with ¢ dimensions. Thus F5(p, k)
is not so far from the group we desire; but this group has infinite Morley-rank.
The reason for its two dimensions and the infinite Morley-rank is that there is no
integer n such that every element of the commutator subgroup G’ can be presented
as a product of at most n commutators. In a group G of finite Morley-rank we
get, as a consequence of B. Zil'ber’s Indecomposability Theorem, that there are
g1,-.. ,9k € G such that

G' = [g1,G]lg2,G] ... [g, G].
Our final group will satisfy this condition in a very strong form:
(32): Vz € Z(G)Vx ¢ Z(G) Ty (z = [z,y])-
All the groups G considered here will satisfy (31) and a weak form of (£2):
(X2)v: Z(G)=G".

Note however that this condition is not elementary.

3. THE GEOMETRY

As above all the groups G considered here will fulfill (1) and (X2)*. Let G be
G/Z(G). If G satisfies (X1) and (32)", then [z,y] defines an alternating bilinear
map of G x G into Z(G) such that [G, G] generates Z(G). We will show that G
is determined up to isomorphism by this bilinear map, using the fact that G and
Z(G) are vector spaces over the field F), with p elements.

Lemma 3.1. Let G and H be groups with the properties (X1) and (X2)*. Let
G=G/Z(G), H=H/Z(H), and let [, |G, [, |u be the corresponding commutator
maps. Assume there is an isomorphism fP : (G, Z(G);|, |¢) ~ (H,Z(H);[, |u)-
Let {ag,a1,...} be a basis of the vector space G and choose ¢; € G in the coset
modulo Z(G) corresponding to a;. Let f(c;) be any element in H in the coset
modulo Z(H) corresponding to f?(a;).

Then fB extends to an isomorphism f of G onto H.

Proof. G can be reconstructed from (G, Z(G); [, |g) in the following way: Let G*
be the following group. The elements are tuples (3, 7aGa, 2), where z € Z(G) and
7o = 0 up to finitely many «. The group multiplication is defined by

(Z Tala,21) O (Z Sala, 22) = (Z(Ta + Sa )@, 21 + 22 + Z TaSglda,ag).
« « [eY B<a

Then G and G* are isomorphic. To prove this we write elements of G uniquely
as [[, chez, where z € Z(G) and 1, = 0 up to finitely many . g¢(], choz) =
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(>, raga, z) gives the desired isomorphism of G and G* with g(¢;) = (a;,0). Anal-
ogously we obtain an isomorphism h of H onto H* with h(f(c;)) = (fP(a:),0).
If f* is the isomorphism of G* onto H* given by f?, then f = h~!'f*g has the
desired properties. O

Let G be the category of all groups that satisfy (3X1) and (32)¥ with group
monomorphisms as morphisms. Let B be the category of all alternating bilinear
maps 3 : V x V — W, where V and W are vector spaces over the field F}, and
the image of 3 generates W (this is an analog of condition (32)*). The morphisms
from (Vi,Wy;01) to (Va, Wa; B2) are pairs (f,g) with f : V4 — Vo, g : W7 — Wh
so that B2 f = gB1. The correspondence between groups G in G and the associated
structures (G, Z(G); [, ]¢) in Brise to a functor from G onto B; this correspondence
is 1-1 at the level of objects, by the proof of Lemma 3.1. (Lemma 3.1 does not say
that the map is onto, but the proof shows it.)

For every vector space V' there is a “free bilinear map over V”, namely A
V x V — A2V in B, characterized by the following universal property:

(A): For every alternating bilinear map 8 : V x V — W there is a unique
linear fg : A2V — W such that fg A = 3.

The vector space A2V (equipped with the associated bilinear map A) is called the
exterior square of V (cf. [14]). We denote the kernel of f3 on A*V by N(f3), or more
commonly, abusing the notation, by N (V). For any structure (V, W; 3) in B, there is
a canonical isomorphism (V, W; 3) ~ (V, A2V/N(); ) where 7 is the composition
of the canonical maps V x V' — A2V — A2V/N(3). These considerations lead to
the introduction of another category S equivalent to B. The objects of S are pairs
(V,N) with N C A2V and the maps f : (V4,N;) — (Va, N2) such that the induced
map AZf between the exterior squares satisfies: A2 f[N1] = A% f[V1]N Na. The main
work in this paper is done in S. Let (M, N(M)) be an element of S. Often we
write M only. For H < M we let N(H) = A2H N N (M), where of course A2H is
canonically identified with a subspace of A2M. Note that (H, N(H)) € S. By the
equivalence of the categories B and S Lemma 3.1 implies the following;:

Corollary 3.2. Let G and H be groups in G. Assume there is an isomorphism
fo of a subgroup Gy € G of G onto a subgroup Hy € G of H. Let M and N be
S-structures corresponding to G and H respectively. Let My be the substructure of
M corresponding to Gy and let Ny be the substructure of N corresponding to Hy.
Assume there is an S-isomorphism g of M onto N such that the restriction of g
to My is the S-isomorphism induced by fo. Then there is an isomorphism f of G
onto H that extends fo and induces the given S-isomorphism g of M onto N.

With M fixed, we let § be the function defined on finite dimensional subspaces H
of M by 6(H) = dim(H) —dim(N(H)). We are interested in groups with relatively
few relations. First we formulate this requirement for S :

(X3): Let (M, N(M)) be an element of S. For every finite subspace H of M,

6(H) > min{3,dim(H)}.

Sometimes a weaker condition is sufficient:

(£3)°: For every finite subspace H of M, §(H) > 0.

Let G be a group in G. We say that G fulfills (X3) if the corresponding structure
in S satisfies (X3). In the language of groups we can formulate this by the following
statement. It is possible to express this by a set of elementary sentences.
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(223): Let Gg be any_ﬁnite subgroup of G. Consider G and G, as vector spaces
over F,. If dim(Gy) = n, then
dim(Gg) > min{(n/2)(n—1) —n+3,(n/2)(n —1)}.
We see that we can also speak about §(H) for subspaces H of G .
With this definition of § we can define a geometry on S-structures M following
the approach of E. Hrushovski [12] for relational structures. We use the presentation

of J.B. Goode and B. Poizat in [10]. Then we have the same geometry on G for the
corresponding G in G.

Definition. For (M, N(M)) in S and H < M, H is selfsufficient in M if for all
finite subspaces K with H < K < M we have §(H) < §(K).

If (33)° is true for M, then every finite subspace of M is contained in a finite
selfsufficient subspace of M.

Lemma 3.3. For subspaces H and K of M, N(HNK)=N(H)NN(K).
Proof. This holds because A2H NA2K = A?(H N K). |

Lemma 3.4. Let H and K be finite subspaces of M Then
S(H+K)<6(H)+6(K)—-6(HNK).

Proof. dim(H+K) = dim(H)+dim(K)—dim(HNK), and dim(N(H)+ N(K)) =

dim(N(H))+dim(N(K))—dim(N(HNK)), using Lemma 3.3. As N(H)+N(K) <

N(H + K), our claim follows from the definition of 4. |

To define a pregeometry on M (on G respectively) we only need (X3)°, Lemma
3.4, and 6(0) = 0 (see [12]). This definition is described in the following.

Corollary 3.5. Let H and K be finite subspaces of M.

1. If S(HNK) > 6(H), then 6(H + K) < §(K).

2. If6(HNK) > 6(H), then 6(H + K) < §(K).
Lemma 3.6. If H and K are selfsufficient subspaces of M, then A = H N K is
selfsufficient in M.

Proof. Otherwise consider a counterexample A = H N K # (0) such that §(K) <
6(H) and 6(K) is minimal. If §(A) > §(K) then, by Corollary 3.5, §(K+H) < 6(H).
This contradicts the selfsufficiency of H. Therefore we can assume that §(A) <
6(K). There exists B 2O A such that B is selfsufficient and 6(B) < §(A) < §(K).
Since §(B) < §(K) and 6(K) was chosen minimal for a counterexample, it follows
that B N K is selfsufficient. Note that BN K 2 A # (0). We obtain a new
counterexample:

A= (BNK)NH, where BN K and H are selfsufficient.
Then 6(BN K) < §(B) < 6(K), contradicting the minimality of 6(K). O
Let us assume for the rest of this section that M satisfies (X3)°. Hence every
finite subspace A of M is contained in a finite selfsufficient subspace B of M.
Therefore and because of Lemma 3.6 we can define:

Definition. Let A be a finite subspace of M.

1. The selfsufficient closure CSS(A) of A is the intersection of all finite selfsuf-
ficient subspaces B with A < B.
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2. The geometrical dimension d(A) of A is 6(CSS(A)).
3. For ay,... ,an,ain M let us define a € cl({ay, ... ,a,}) if and only if

d({{a1,...,an,a})) =d({a1,...,an})).

By the definition, for all finite subspaces A and B of M with A C B we have
6(CSS(A)) < §(B), especially §(CSS(A)) < §(A). We use the same notions in
G for G € G. If A is a finite subspace of G, then in G°? CSS(A) is part of the
algebraic closure of A. If m = dim(CSS(A)) and n = §(CSS(A)), then CSS(A) is
the subspace X of G that contains A, has linear dimension m, and has §(X) = n.
Using this we can write a formula that says “x € X”. This formula uses elements
of G that represent A modulo Z(G) as parameters.

Lemma 3.7. Let A and B be subspaces of M with A C B. Then d(A) < d(B).
Proof. AC B C CSS(B) implies CSS(A) C CSS(B). O
Lemma 3.8. If d(A + (a)) > d(A) then d(A+ (a)) = d(A) + 1.

Proof. W.lo.g. CSS(A) = A. By definition d(A + {(a)) = 6(CSS(A + (a))) <
6(A + (a)). It is sufficient to show that 6(A + (a)) < 6(A) + 1. This follows from
Lemma 3.4: §(A 4+ (a)) < 6(A) +6({a)) = 6(A) + 1. O

Theorem 3.9. cl defines a pregeometry on M.

Proof. (1) {ai,...,an} Ccl(ay,...,a,) is true by the definition. (2) For finite
subsets A C B we obtain cl(A) C cl(B).

Proof of (2). Wlo.g. A and B are subspaces. Assume that a € cl(4). Then
d(A + {(a)) = d(A). Choose a selfsufficient K with AU {a} C K and §(K) =
d(K) = d(A + (a)) = d(A). Choose B C H such that H is selfsufficient and
6(H) = d(B) . By Lemma 3.7 d(A) < d(B). Therefore §(K) = d(A) < d(B) =
6(H). We have A C K N H. By Lemma 3.6 K N H is selfsufficient. It follows that
d(A) <d(KNH) <dK) < d(A). That means §(K N H) = §(K). By Corollary
3.5 8(K+ H) < 6(H)=d(B). Therefore d(B) < d(K + H) < §(K + H) < d(B).
Since BU {a} C K + H, we get d(B + (a)) < d(K + H) = d(B), as desired. O

(3) cl(cl(A)) = cl(A) for finite A.

Proof of (3). By (1) A C cl(A), and by (2) cl(A) C cl(cl(A)). To prove the other
direction assume a € cl(cl(A)). Choose ai,...,a, € cl(A)\ A such that a €
cd({a1,...,a,}UA). Then d(A) = d(A+{a,)). By (2) a1,... ,an—1 € cl(AU{a,}).
If we iterate the argument we get d(A) = d(A+ ({a1,...,a,})). Using Lemma 3.7
twice we get the desired result:

d(A+ (a)) <d(A+ {a1,...,an,a}))
=d(A+ {a1,...,a,})) =d(A) <d(A+{a)). O

(4) The Steinitz Exchange Lemma. For finite A C M, a € cl(AU{b})\cl(A)
implies b € cl(AU{a}).

Proof of (4). By the assumption and Lemma 3.7 we know that d(A) < d(A+{(a))
d(A+ ({a,b})) = d(A + (b)). Hence by Lemma 3.8 d({A U {a,b})) = d(A + (b))
d(A)+1. By assumption d(A+(a)) > d(A) and by Lemma 3.8 d(A+(a)) = d(A)+1.
Both equations together imply d({A U {a,b})) = d(A + {(a)), as desired.

[ (I VAN
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Definition. Let A be a finite subspace of M. We say that A is n-selfsufficient in
M if §(A) < é§(B) for every finite B with A C B and dim(B/A) = n.

Note that a subspace A is selfsufficient in M if and only if it is n-selfsufficient in
M for all n. There are formulas ¢, m (21, ... , 2y ) which express the property that
T1,...,T, generate an n-selfsufficient subspace.

Lemma 3.10. If A is selfsufficient in B and B is selfsufficient in M, then A is
selfsufficient in M. If A is n-selfsufficient in B and B is selfsufficient in M then
A is n-selfsufficient in M.

Proof. For every K O A we have to show that §(A) < §(K). This is clear for K C B
and for B C K. Assume neither K C B nor B C K. Then 6§(4) < §(BNK)
and 6(4) < §(B). If 6(K) < 6(A) then 6(K) < 6(B N K). By Corollary 3.5
8(B+ K) < 6(B). Since B is selfsufficient in M, this is a contradiction. The same
proof works for A n-selfsufficient in B. O

Lemma 3.11. Let A be a finite subspace of B.

1. If A is selfsufficient in B, then for every K C B we obtain that AN K is
selfsufficient in BN K = K.

2. If A is n-selfsufficient in B, then for every K C B we obtain that AN K is
n-selfsufficient in BN K = K.

Proof. To prove (1) we have to show that for every C' with ANK C C C K we have
(AN K) < §(C). Note that ANK = ANC. Now 6(C) < §(AN C) would imply
8(A+ C) < 6(A) by Corollary 3.5. This is a contradiction to the selfsufficiency of
Ain B.

(2) follows in the same way. We have to consider C' with dim(C/ANC) <
only. Note that dim((A+ C)/A) =dim(C/ANC).

O s

4. THE FIRST AMALGAMATION LEMMA

Let A, B, and C be structures in S, where A is a common substructure of B and
C. We define a structure D = Bx4C, that we call the free amalgam of B and C over
A: Let D be the vector space that is the free amalgam B @& 4 C of the vector spaces
B and C over A in the category of vector spaces over the field with p elements. It
remains to define the subspace N (D) of A2D. A?B, A2C and A?A are subspaces
of A2D with A2B N A2C = A?A. Therefore N(B) and N(C) are subspaces of A2D
with N(B) N N(C) = N(A) (Lemma 3.3). We define N(D) to be the subspace of
A?D generated by N(B)UN(C). In particular we have (D) = §(B)+6(C) —8(A).
Under certain conditions we will show (33) for D provided that A, B, and C fulfill
(323).

Let (M, N(M)) be a structure in S with (33)° and let H C K be subspaces of
M. We say that K is a minimal extension of H if 6(H) = §(K) and 6(L) > 6(H)
for every L with H C L C K and H # L # K. We also use this notion for the
induced S-substructures. K is a realization of the minimal extension K of H, if
there is a vector space isomorphism of K onto K; that is the identity on H and
that induces an isomorphism of the corresponding structures in S.

Theorem 4.1 (First Amalgamation Theorem). Assume that A, B, C are finite
structures in S that fulfill (£3), where A is a common substructure of B and C.
Suppose that A is selfsufficient in B and n-selfsufficient in C, where 24+dim(B/A) <
n. Then D = Bx, C fulfills (£3)°, C is selfsufficient in D and B is n-selfsufficient
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in D. If B is a minimal extension of A that is not realized in C, or if dim(B) =
dim(A) +1 and 6(B) = 6(A) + 1, then D fulfills (£3).

Let us introduce the following notation. If M is an S-structure and X is an
ordered basis of the vector space M, then we call the elements a A b of A2M with
a < b the basic commutators. They form a basis of A2M. If we speak about the
basic commutators of A2M with respect to the basis X, then we assume that some
ordering of X is given. If X is of the form X;...X,, then we assume that the
ordering of X has the property x < y for x € X; and y € X; with ¢ < j.

First we prove some helpful lemmas. If we want to show (X3), we have to
consider any K C D. Then (KNB)N(KNC)=KnNn(BNC)=KnNA. Let
Y be a basis for the vector space K N A, Y2Y? be a basis for K N B, and Y¢Y*®
be a basis of K N C. Then Y?Y* is linearly independent over A. If dim(K) =
dim(K N B) + dim(K N C) — dim(K N A) then Y?Y®Y* is a basis for K. By
induction on dim(K) — (dim(K N B) + dim(K N C) — dim(K N A)) we show:

Lemma 4.2. Let K be a finite subspace of D. Assume that dy, ... ,d, are linearly
independent over (K N B) + (K NC) such that
(KNB)U(KNC)U{d,...,dn}) =K.

Then for every U = {u1,... ,um} € B and V = {v1,... ,0m} C C with u; = d;
modulo C and d; = u; +v; for 1 < i < m we obtain that UV is linearly independent
over (KN B)+ (KNC)+ A.

Proof. m = 0 is the base of the induction. Otherwise choose
H={(KNB)U(KNC)U{d1,...,dmn-1})-

Then dim(H) — (dim(K N B) + dim(K N C) —dim(K N A)) = m — 1. We apply
the induction hypothesis and obtain that Y°Y{uy,... ,um_1}{v1,... ,0m_1} is
linearly independent over A. If the assertion were not true, we could infer

Z iU + Z s;v; = 0 modulo (YbYcA>
1<i<m 1<i<m
where r,, # 0 or s, # 0. Assume w.l.o.g. that s,, # 0. Then there is some z in
(Y©) such that

Z sid; + 2z = Z (s8; — r3)u; modulo (YbA>.
1<i<m 1<i<m
It follows that there is some h € H such that s,,d,, + h € K N B. Hence d,,, € H,
a contradiction. O

A basis Y2Y?Y{u; +v1,... ,Un + v} of a subspace K of D as described in
Lemma 4.2 is called a suitable basis. A suitable basis Z¢Z°Z¢ of D is consistent
with the suitable basis Y2Y Y {u; +v1,... ,tUm + v} of K,if Y2 C 2% Y® C Z°,
Ye C Z¢, and the roles of {uy, ... ,um} and {v1,... , vy} can be played by elements
of ZP\Y? and Z¢\Y ¢ respectively. The description of K above gives us a description
of N(K) = N(D)N A\’K.

Lemma 4.3. Let YeYY UV be a part of a basis of D chosen according to K
as above in Lemma 4.2. Assume that there is given an order of this basis with
Y <Yl <Y®<U<V. Then a linear combination ® of basic commutators over
YoYbYeUvV is in N(D) if and only if ® = &g + &c + Oy + Sy, where:
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®p is a linear combination of basic commutators a A b with a,b € Y*Y? and
a < b,

Dc is a linear combination of basic commutators a A b with a,b € Y*Y° and
a < b,

Oy is a linear combination of basic commutators aAu; witha € Y and u; € U,

@y is obtained from Py by replacing u; by vj,

and there exists J € N2A such that ®p + ®y +J € N(B) and ¢ + &y — J €
N(C).

Proof. A2K has a basis {a Ab:a <b,a,be YY?Yu; +v;: 1 <i<m}}. Let @
be a linear combination of such basic commutators that is in N (D). With respect to
any basis of D, that extends Y2Y?Y°UV, we have ® = @5+ e+, a;(a; Aw;) +
> ai(a; Av;), where ®p € AHY YY), ®c € A2 (YY), and a; € YOV Y{u +v; :
1 <1 < i}, because b A ¢ with b € Y® and ¢ € Y cannot occur in ® € N(B) +
N(C). By the same argument b, rc, 7(u; + v;) with b € Y® and ¢ € Y cannot
occur in the presentation with respect to the basis above of any a;. Therefore
a; € (Y*). We define &y = Y ai(a; Au;) and @y = >, aq(a; Av;). We get
O =0+ Py + P+ Py = U + Vg, where U € N(B) and ¥ € N(C). Let
Jbe Vg — (P + Py) = —Ve + (Pc + Py). Then J € A2BNAZC = A2A. The
assertion follows. O

Lemma 4.4. Assume that A, B, and C are finite structures in S with (X3), such
that A is a common substructure of B and C. Let D be B4 C. Suppose that A is
selfsufficient in B, and A is (dim(B/A)+n)-selfsufficient in C, and B is a minimal
extension of A, that is not realized in C. Assume that U = {uy,... ,um} C B
and V. = {v1,... ,um} C C, such that UV is linearly independent over A. Let
X =Aai,...,ar} be a part of a basis of A. For 1 <i < h let

D, = E ri(as A ug + vt)
1<s<k
1<t<m

be relations in N((X{ui + v1,... ,um + v })) that are linearly independent over
N({(X)). Then h < m.

Proof. Assume that h > m. By Lemma 4.3 there exists .J; € A2A such that
U= > ri(as Au) +J; € N(B),

1<s<k
1<t<m

A; = Z i (as A —vi) + J; € N(O).

1<s<k

1<t<m
Then ®; = ¥; — A;. We can write down J; as a linear combination of basic
commutators over some basis of A that extends X. Since the ®;’s are linearly
independent over A%(X), every non-trivial linear combination of them contains
as N\ us and ags A vy for some s and t. Therefore every nontrivial linear combination
of the ¥;’s and every nontrivial linear combination of the A;’s contains a basic
commutator as Aus and asAvs respectively. Hence the ¥;’s and the A;’s respectively
are linearly independent over A2A. They freely generate N((UA)) over N(A) and
N((VA)) over N(A) respectively, since A is dim(B/A)-selfsufficient in B and C,
m < dim(B/A), and h > m. It follows that h = m. Therefore the vector space
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isomorphism f, defined by f(a) = a for a € A and f(u;) = —v; of (AU) onto (AV)
induces an isomorphism of the corresponding structures in S. Since B is a minimal
extension of A and §({AU)) = §(A) (in B), we obtain (AU) = B. Now (AV) is a
realization of the minimal extension B of A in C. This contradicts the assumption
of the lemma. O

Lemma 4.5. Assume that M is a structure in S sucht that 6(K) = dim(K) for
K C M with dim(K) < 2. Then §(K) = dim(K) for K < M with dim(K) < 3.

Proof. Choose K C M with dim(K) = 3. Assume that K has the basis {a, b, c}.
If §(K) < 3 then there is a relation r1(a A b) + ro(a A ¢) + 73(b A ¢) in N(K).
Assume w.lo.g. that r; # 0. If r3 = 0, then 79 # 0 by assumption. But then
a A (r1b + rec) € N(K), a contradiction. We obtain a similar contradiction if
ro = 0. Therefore we can assume w.l.o.g. that r; = 1, 72 # 0, and r3 # 0.
Hence a A (b + ra¢) + r3(b A c) € N(K). Choose s such that sre = rs modulo p.
Then a A (b + ra¢) + sb A (b+ roc) € N(K) and (a + sb) A (b + rac) € N(K), a
contradiction. O

Proof of Theorem 4.1. We show (X3)° for D and (X3) under the further assump-
tions. Let K C D. Y, Y® Y U and V are chosen as above. If dim(K) < 2 then
by Lemma 4.3 either N(K) = (0) or K = ({a,u+ v}), where a € A, u € B, v € C,
{u, v} is linearly independent over A, and N(K) is generated by a A (u +v). It
follows that §(K) > 1. This implies (X3)° for K with dim(K) < 2. Assume that
dim(K) = 2. If dim(B) = dim(A) + 1 and 6(B) = 6(A) + 1 then dim(N(K)) =0,
since a relation a A uw+ J € N(B) is not possible. If B is a minimal extension of A
that is not realized in C, then dim(N(K)) = 0 follows from Lemma 4.4. Hence the
assertion is proved for all K C M with dim(K) < 2.

Now we can suppose that dim(K) > 3. We choose a basis for K as above. We
say that K is moderate if U = V = (). First we show (X3) for moderate K. Using
Lemma 4.3 we prove for moderate K:

(1) dim(N(K)) < dim(N(K N C) + dim(N((K N B) + A)) — dim(N(A)).

Proof of (1). N(K) is a subspace of A2K = A2((KNB)+(KNC)). We construct a
basis of N(K). First we choose ®1,...,®, as a basis of N(KNC). Let Aq,... A,
be linear combinations of basic commutators in N(K) such that their images in
N(K)/N(K NC) are a basis of this vector space. By Lemma 4.3 A; = AB + J; +
AY — J; where AP € A2(K N B), AY € A2(K N B), J; € A2A, AP + J, € N(B),
and AY —J; € N(C). AP is alinear combination of basic commutators over Y2Y?.
Then every non-trivial linear combination A of the AZ contains a basic commutator
wAy with y € Y?, since otherwise the corresponding linear combination of the A;’s
would be in N(KNC'). Hence the AB+.J; € N((KNB)+A) are linearly independent
over A?A and therefore over N(A). |

Note that dim(K) = dim(K N C) + dim((K N B) + A) — dim(A). Therefore (1)
implies
(2) 6(K)>6(KNC)+6((KNB)+A)—6(A).
Since A is selfsufficient in B we obtain 6((K N B) + A) > §(A), and therefore
(3) 6(K) > 6(KNnC).
(£3)° follows for moderate K and (¥X3) for moderate K with dim(K NC) > 3.
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If dim(B) = dim(A) + 1 and 6(B) = 6§(A) + 1, then either K C C or §(K) =
S(KNC)+1 by (2). The assertion follows from (X3) for C. Now we can assume
that B is a minimal extension of A, that is not realized in C. Similarly as in (2)
we obtain

(4) 6(K)>6(KNB)+6((KNC)+A)—6(A).

It suffices to consider the cases where |Y¢| < 2. Since dim((K NC) + A/A) =

|Y¢| < 2, the 2-selfsufficiency of A in C' implies

(5) 6(K) > 6(KNB),if |Ye| <2.

The assertion follows if dim(KNB) > 3. Hence we can suppose that dim(KNC') < 3
and dim(KNB) < 3. At the beginning (X3) was shown for all K with dim(K) < 2.
By Lemma 4.5 it is true for K with dim(K) < 3. We can assume that dim(K) > 3.
The only possibility to fulfill all these conditions is |Y?| = 0, |Y*| = |[Y¢| = 2. In
this case we show dim(N(K)) < 1. Let Y be {y1,y2} and Y° be {21, 22}. By (X3)
for B and C, y1 A y2 and 21 A 22 are not in N(K). Therefore by Lemma 4.3 every
element in N(K) has the form 7 (y1 A y2) + r2(21 A 22) with ;1 # 0 and ro # 0.
There are not two linearly independent elements of this form in N(K), since their
existence would imply y; Ay2 € N(K). It follows that dim(N(K)) < 1, as desired.
(X3) is shown for moderate K.

Now we assume that K is not moderate. Remember that by assumption dim(K)
>3. Let K~ be (KNB)+ (KNC)=(Y*Y’Y¢). K~ is moderate. By definition
N(K~) C N(K). We use a similar proof as in the moderate case. First we show

(6) dim(N(K)) < dim(N(K NC)) + dim(N (Y UA))) — dim(N(A)).

Proof of (6). Let ®1,...,®5 be a basis of N(KNC). Let Ay,... , A, in N(K7)
be a basis of N(K~)/N(K N C). In the proof of (1) it is shown that Af =
AB + Ji,...AF = A + J. € N((Y®A)) are linearly independent over A2A.
Now we choose ¥y, ..., ¥, in N(K) such that their images in N(K)/N(K~) are a
basis of this vector space. Then {®q,... , &g, Ay, ... A, ¥y, ..., U} is a basis of
N(K). According to Lemma 4.3 let ¥; = U8 + U¢ 4+ 0V + ¥} and I; € A?A with
VB + WY + I, € N(B) and ¥¢ + WY — I, € N(C). Then every non-trivial linear
combination of the ¥;’s contains some aAu; with a € Y* and u; € U. Therefore the
UH = U8 4+ WY 4 [, € N(B) are linearly independent over (\2AU{AT,...  AF}).
Claim (6) follows, since Af,... ,AF U ... W] are elements of N((Y*UA)) that
are linearly independent over A2A. O

As above it follows that
(7) §(K) > §(KNC)+6(YPUA)) —5(A).
By the selfsufficiency of A in B we obtain that §((Y*U A)) —§(A) > 0 and therefore
(8) 6(K) > 6(KNnC).
(3)° follows for all K, as does (23) for all K with dim(K NC) > 3. Note that we
have assumed that dim(K) > 3 and K is not moderate. If dim(B) = dim(A) + 1
and §(B) = §(A) + 1, then dim(K N C) = dim(K) — 1, [Y?| = 0, |U| = 1, and
S((YPUA)) — 6(A) = 1. Therefore (23) follows from (7) in this case.

Now we assume that B is a minimal extension of A that is not realized in C.
The assertion is proved for dim(K NC) > 3. If dim(K NC) < 3, then we can show
analogously as above that §(K) > 6(K N B). We use the 2-selfsufficiency of A in
C'. Therefore we can assume now that dim(K NC) < 3 and dim(K N B) < 3. The
following cases are possible: [Y*| =0, |Y*| =1, and |Y*| = 2.
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Case |Y*| = 0: By Lemma 4.3 N(K) = N(K ™). Therefore §(K) = dim(K) —
dim(K~) 4+ 6(K ™). Since the assertion is already proved for the moderate K, it
follows for K.

Case |[Y?| = 1: Since dim(K NC) < 3 and dim(K N B) < 3, |Y?|,|Y¢| < 1. Let
® be any non-trivial relation in N(K). Note that N((Y*)) =0 . If Y* = {a}, then
by Lemma 4.3 ® = a A (u + v), where u € (Y?U) and v € (Y°V). u=0o0rv =0
is impossible by (33) for B and C. By Lemma 4.4 dim(N({({a,u + v}))) = 0 and
therefore dim(N(K)) = 0. Hence 6(K) = dim(K), as desired.

Case |Y%| = 2: By assumption |Y°| = |Y¢| = 0. Let Y be {a1,as}, |U| = 1. We
suppose that there are at least [ relations ®; in N(K) that are linearly independent
over N((Y*)) = (0), and show a contradiction. By Lemma 4.3:

9) ‘P:le 1217“5,5(@5 (ur +ve) +rh(ar Aag).

We show that it is possible to replace every u; by another element u; of its coset
modulo (Y®), such that the representation of (9) with respect to this basis YUtV
has no summands (a3 Aaz). Then we apply Lemma 4.4 and obtain a contradiction.
It follows that dim(N((Y*{u1 +v1,... ,ur+v}))) <1 —1. Therefore §(K) > 3, as
desired.

To get the desired basis YU TV we start with ®;. Since &1 € N((Y*)) there are
s1 and t1 such that rsltl # 0. For each i with 2 < i <[ we subtract a suitable ¢; ®;
from ®;. Therefore we can assume w.l.o.g. that rsltl =0 for 2 < ¢ <. Using the
linear independence of ®1, ... , ®; over A2A we iterate this procedure. Therefore we
can assume w.l.o.g. that there are pairwise distinct pairs (s;, t;) such that Téiti #0

and rﬁiti =0 for i # j. For each t with 1 <t <[ we define u; :

(i) If there is no i with ¢; = ¢, then u;” = u;. o

(i) If there is exactly one ¢ with ¢; = ¢, then uy” = wy + (—=1)37% (rf /7  az—s,.
(iii) If¢; = t; = ¢ for i # j, then

uf = e+ (1P (/i )as—s, + (=17 (1 /rl 1 )as—s,

Note that in case (iii) s; = 3 — s; and s; = 3 — s;. Now we write down (9) with
respect to the basis YeU1V: Let I be the set of all ¢ with 1 <t <[ and ¢ # t; for
all j. Let J; be the set of all ¢t with 1 <¢ <[ and ¢ = t; for exactly one j, and this
7 is not 3.

o, = Z rzt (as A (ug + v¢))

s=1,2
tel

+T.iiti (a’si A (u’ti + Vt; + (_1)3_Si (Té/’r;ti)a3—5i>)
+T§—Siti (a"?)_si A (uti + vti + (_1>3_SZ (Té/riiti>a’3_si))
+ >k (ag_sj A (ug 4 vp + (=1)37% (Té/ngtj)‘IS—Sj)>

tjGJi

= Z iy (as A (uf + )

s=1,2
1<t<l

Note that 7“5 ¢, =0 for i # j. If there is some j # 4 such that t; = t;, then

Th g, = T‘S +, = 0. This finishes the proof of (¥3) for the situation where B is a
minimal extension of A that is not realized in C.
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Next we show that C' is selfsufficient in D. If C C K, then K is moderate,
KNC =C, and by (3) 6(K) > 6(KNC) = 6(C), as desired. Finally we prove
that B is n-selfsufficient in D. If B C K and dim(K/B) < n, then K is moderate,
KNB=Bandby (4) §(K)>6B)+6(KNC)—6(A). Since dim((KNC)/A) =
dim(K/B) < n, it follows that §(K) > §(B) by the n-selfsufficiency of A in C, as
desired. O

5. MINIMAL EXTENSIONS

Let D be Bx4 C as in Theorem 4.1, where A, B, and C are finite structures in S
that satisfy (£3), A is a common substructure of B and C, A is selfsufficient in B
and (dim(B/A)+n)-selfsufficient in C. Furthermore we suppose that B is a minimal
extension of A that is not realized in C. By Theorem 4.1 D satisfies (£3), C is
selfsufficient in D, and B is n-selfsufficient in D. We consider a minimal extension
K of H (both finite) in D. As defined above, this means that §(H) = §(K) but
6(L) > 6(H) for every L with H C L C K and H # L # K. According to Lemma
4.2 we choose a suitable basis for H in the following way:

Let Y? be a basis for H N A.

Let Y? be a sequence such that Y*Y? is a basis for H N B.
Let Y be a sequence such that Y*Y ¢ is a basis for H N C.

Let Y? be a basis of H over (H N B) + (HNC).

Then Y2Y?Y*°Y? is a suitable basis of H.

Now we start with Y2Y?Y Y4, which we will extend to a suitable basis for K.
First we choose X® such that Y?X is a basis for K N A. Let X% be a basis of
KNBN(H+C)over (HNB)+ (KN A). For every u € X" we choose a v € C
such that u+v € H. v exists by definition. It follows that v € CN K. v is uniquely
determined modulo (H N C) + (K N A). Let X be the set of these v’s. Then
X is a basis of KNC N (H + B) over (HNC) + (K N A). By construction we
obtain | X%| = |X|. For every u € X" there is exactely one v € X such that
u+wv € H, and for every v € X there is exactely one u € X% with u +v € H.
Then we choose X% and X¢* such that Y2X2Y? X% X is a basis for K N B and
YeXeYeXWXe is a basis for KN C.

Now YeX2YlXby XbryeX e X is a basis for (K N B) + (K N C). It can be
extended to a basis of K. First we look for a basis of H over (KN B)+ (KN C)
and then we extend it to a basis of K. By Lemma 4.2 there are

Yb = {uy,...,u}, Y ={uv,...,u},
Xbe:{tl,... ,tk}, Xce:{wl,... ,wk}

with the following properties:

oY XYt Xty xbaybe Xbe is part of a basis of B,

eYrXoYceXwXeryeeXee is part of a basis of C,

oY b X by Xbrybe xbeye xey xeryce xee ig linearly independent over A

oYe = {uy +vy,...,u +v;} € H is a basis of H modulo (K N B) 4+ (KN (),
and

eYeybyeyexexby X Xey Xer Xe ig g suitable basis of K,
where X = {t1 + w1, ...ty +wr}. We call it a suitable basis of K that respects
H.
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We also say that XX Xb* XcrXe or X@Xb% XU XX ¢ respectively is a suit-
able extension of Y?Y?Y Y for K. All such terminology refers to the situation
described above.

Lemma 5.1. Assume that K is a minimal extension of H in D.

1. f K4C # H+C and KNC # HNC, then §((K+C)NB) < §((H+C)NDB).

2. fK+B# H+B and KNB # HNB, then §((K+B)NC) < §((H+B)NC).

3. [fKNC = HNC, KNB # HNB, and K # H+(KNB), then §((K+B)NC) <
6(H+B)NnO).

4. If KNB = HNB, KNC # HNC, and K # H+(KNC), then §((K+C)NB) <
6((H+ C)nB).

5. f KNC=HNC, then 6(K+C)NB) <6((H+C)NB).

6. f KNB=HNB, then §(K+B)NC) <6((H+B)NC).

Proof. Assume that Y = Y?Y?Y Y is a suitable basis of H, and
X = XabeszXcmXe or X = XaXmechcmXe
respectively gives us a suitable extension of Y. Let
YaybycyeXabewachchxe

be the corresponding suitable basis for K, where Y = {uy + vy1,... ,u; + v;} and
X¢ = {t1 + wy,... ,tx + wr}. Using this suitable basis, we can formulate the
assertions of the lemma in the following way:

1. If ) # XP*X¢ £ X, then
dim(N (X" {ty, ... , tx Y X {uy,... ,u}A)))
—dim(N((Y°X " {uy,... ,u;}A))) > | X% + k.
2. If ) # X*X¢ # X, then
dim(N (X ““{wy, ... ,w}Y XY vy,... ,u}A)))
—dim(N({(Y°XY{v1,...,vn}A))) > | X" + k.
3. If X Xe =X, X £ (), and X¢ # (), then
dim(N({wy, ... ,wg}Y o1, ... ,0}A)))
— dim(N({(Y{v1,... ,u}A))) > k.
4. If XX =X, X %0, and X # (), then
dim(N(({t1,..., Y {us,... ,u}A)))
—dim(N((Y*uy,... ,w}A))) > k.
5. If XX = X, then
dim(N (X {t1,... , tx}Y{us,... ,u}A)))
—dim(N(Y*{uy,... ,u}A))) > | X].
6. If X*X° = X, then
dim(N (X “{wy, ... ,w}YHv1,... ,01}4)))
— dim(N((Y{v1,... ,u}A))) > |X].
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We have rephrased the statements of the lemma in the form above since the
proofs use a basic commutator argument.

ad (1)  We assume that {u], ..., u}} = X% {uy,... ,w} and {of,... ,0}} =
X% wvy,...,v}. By the minimality of K over H and the assumption we have
dim(N((XY))) — dim(N (XX XY))) > | X*| + k. Let ®1,...,®, be a basis
of N({((X\X®)Y)) over N({(X\X**X®)Y)). Let Ay,..., A, be abasis of N((XY))
over N({((X \ X€)Y)). Then r +s > |X®| + k. First we describe the ®;’s and A;’s
as linear combinations of basic commutators with respect to

Yeveye{ul, . . ut Mot b XXX o g w, . wy)

This set is part of a basis of D. By Lemma 4.3 ®; = ®% + ®¢, where ®? is a linear
combination of basic commutators over

b b
XX {ul oot Yoy,

and ®¢ is a linear combination of basic commutators over
Xex“{of, ..o uhyeye

and there exists some I; € A2A, such that ®? + I, € N(B) and ®¢ — I, € N(O).

By assumption every non-trivial combination of the ®;’s contains a basic com-
mutator z A by,where b, € X®*. Therefore the (<I>ﬁ-’ + I;)’s are linearly independent
over N((YP{u, ... uf}A)).

Again by Lemma 4.3: A; = AP+ AS+Ab+A¢e where A? is a linear combination
of basic commutators over X XYY {u ... ul}, A¢isalinear combination of
basic commutators over X XYY <{v} ... vt} Abeis a linear combination of
basic commutators a At; where a € Y X A¢® is obtained from A by replacing t;
by w;, and there exists some J; € A2A with Ab+Ab+J; € N(B) and AS+A°—J; €
N(C).

Since the A;’s are linearly independent over N ({(X \ X°)Y)), every non-trivial
linear combination of them contains some basic commutator a A t;. It follows that
{@é’ +L:1<i<rju {Age + Aﬁ-’ + J; : 1 < i < s} is linearly independent over
N{(Y*ul,... ,ul}A)), as desired.

ad (2)  Obviously (2) is proved analogously to (1).

ad (5)  Also for (5) we use the method of (1). For the start, minimality gives
dim(N((XY))) — dim(N((Y))) = |X].

ad (6) Again (6) is shown as (5).

ad (3)  'We use the notation of (1). By the minimality we get s > |X¢| = k. The
linear independence of Ay, ..., A, over N((Y X%?)) implies that every non-trivial
linear combination of them contains the basic commutators a A t; and a A w; for
some i and a € Y°X®. Therefore the (Af + A — J;)’s are linearly independent
over N((Y<{v],... v} A)), as desired.

ad (4)  We show (4) similarly as (3). O

Lemma 5.2. Let K be a minimal extension of H in D. Assume that H C A.
Let Ky,... ,Ky be a set of realizations of K over H. Suppose that there is no
realization K; of this minimal extension over H with (K; N B) + (K; NC) = H.
Then either all realizations K; are in B or all realizations K; are in C. In the first
case (AK;) = B or K; C A.

Proof. If for some ¢ with 1 < ¢ < h, K; is contained neither in B nor C, then
either K; N C # H and 5.1 (1) yields 6((K; + C) N B) < 6(A), contradicting the
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selfsufficiency of A in B, or else K;NC = H and 5.1 (3) yields 6 ((K;+B)NC) < 6(A),
which contradicts the (dim(B/A))-selfsufficiency of A in C, as K; N C C A.

Thus for each 7 we have K; C B or K; C C. If K; C B and K; is not contained
in A, then again by 5.1 (1) we have K; N C' = H, and by 5.1 (5) §((AK;)) < 6(A),
forcing (AK;) = B by the minimality of B over A.

Now suppose toward a contradiction that (AK;) = B and that for some j K; £
B. Then K; < C, and by 5.1 (2) and the (dim(B/A))-selfsufficiency of A in C' we
find that K;N B = H, and then by 5.1 (6) we get §((K;A)) = 6(A). Let ®1,..., P,
be a basis of N(K;) modulo N(H), where r = dim(K/H). Then ®4,...,®, are
linearly independent modulo A?A. Let f be an isomorphism of K; with K over H.
Then f(®1),..., f(®,) are linearly independent over A2H and hence over A?A. As
O((K;A)) = 6(A), we find that f(P1),..., f(P®,) form a basis for N((AKj)) over
N(A), and hence f extends to an isomorphic embedding of (AK;) = B into C, a
contradiction. O

Lemma 5.3. Assume that M is a structure in S that satisfies (£3). Let K1,... , K
be realizations of the minimal extension K1 of H, where H is selfsufficient in M.
Furthermore suppose that K; € (U, <;; Kj) for every i with 1 <i < h. Then for
every i we have: K, ..., K; are linearly independent over H and 6((U, <<, K;)) =
S(H). o

Proof. We use induction on i. For ¢ = 1 the assertion is clear. Assume that the
assertion is proved for all j < i. Then 6((U,<;; K;)) = 6(H) and Ky, ... ,K;—1
are linearly independent over H. By Lemma 3.4

o K <o U Ko +ets) —ekin J KD

By induction and the assumption of the lemma we obtain

(1) s(( |J K <oH)+o6(H)-s(Kin( | K;))

1<j<i 1<j<i
Obviously H C (K; N (U;<;; Kj)) € K;. Let us assume that Ki,... , K; are not
linearly independent over H. This and the linear independence of K7, ... , K;_; over

H imply the first of the following two inequations: H # K; N (U, <,; K;) # Ki.
The second is the assumption of the lemma. By the minimality of K; over H,
O(K; N (Ur<jei K5)) > 0(H). By (1) 6((Uy<;<; Kj)) < 6(H), a contradiction to
the selfsufficiency of H in M. Hence K1, ..., K; are linearly independent over H
and we have K; N (U<, K;) = H. By (1) 6((U,<;<,; K;)) < 6(H), and by the
selfsufficiency of H in M we get equality, as desired. O

6. THE SECOND AMALGAMATION THEOREM

Let M be any structure in S that fulfills (X3). Assume that H C K C M,
H and K are finite subspaces, and K is a minimal extension of H. Suppose that
Ki,..., K} is a sequence of realizations of K = K; over H. Let X; be a basis
of K; over H. We say that Ki,..., K} (or Xy,...,X), respectively) are in free
composition over H, if X;,... , X} are linearly independent over H and if

s(( U ;) =o(H).

1<j<h
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If H is selfsufficient in M and K; € (U, <;,; ;) forall 1 <i < h, then Ki,... , K
are in free composition over H, by Lemma 5.3. Let X; be {z},... 21} for 1 <i <
h. We call X1,...,X} a sequence of compatible bases, if the map fj defined by
fk(:r}) = :1:9c ,and f(y) =y for y € H induces an isomorphism of the S - structures
K, onto K over H. Of course a compatible system of bases Xi,..., Xy over H
exists for every sequence of realizations K1, ... , K of a minimal extension K7 over
H. Suppose such a system is given. Let Y be a basis of H. Let ® be any element
of A2K, presented as a linear combination of basic commutators over Y X;. Then
J1(®) denotes its image in A% Ky, replacing each x} by x.

Lemma 6.1. Assume that Ky is a minimal extension of H in M. Let X1,..., X}
be a sequence of compatible bases of realizations K1, ... , Ky of K1 over H that are
in free composition over H. Let o be any permutation of 1,... , h.

L. For every i with 1 < i < h, we have that (U, <;<; Ko(;)) is a minimal exten-
sion of <U1§j<i Ky))-

2. Let f, be the map fg(:lcg) =z 7@ and foly) =y fory € H. Then f, can be
extended to an isomorphism of (HX;...X}) onto (HX1 ... Xp) that induces
an isomorphism of the corresponding structures in S.

Proof. As above let Y be a basis of H. Let us consider all permutations o of
,h and all ¢ with 1 < ¢ < h. By the minimality of K; over H there are
®y,...,P, (r=|X]) in N(Y X;)) such that ®4,..., D, freely generate N((Y X1))
over N(H). We consider ®q,...,®, as linear combinations of basic commuta-
tors over Y X;. Then every non-trivial linear combination of them contains some
z A le for some 1 < j < 7 and z € YX;. Hence fo;)(®1),..., for)(®r) in
N({YX5(;))) are linearly independent over N (H) and also in N((Y U, <;<; Xo(;)))
over N((Y U,<;; Xo(j)))- From this and 632, ;< K;) = 6(H) it follows that
s((Y U1<j<l Xoy)) = O6(H). Hence foii)(®1),..., foi)(®r) freely generate
N({Y Ui<j<i Xo(y)) over N((Y' Uy<j<; Xo(jy))- This implies both assertions of
the lemma. O

As above, let K1, ..., K}y be a sequence of realizations of the minimal extension
K of H in M. We assume that they are in free composition over H. Again let
X; ={z],...,2i} for 1 < j < h be a system of compatible bases. Let o be
any permutation of 1,...  h. As above in Lemma 6.1 let f, be the corresponding
automorphism of the S-structure generated by HX;... Xy in M. We write f;
instead of f,, if o is the permutation that only exchanges 1 and i. Let ®1,... ,®, be
free generators of N((HX1)) over N(H). Then f;(®1),..., fi(®,) freely generate
N(HX1X1) over N(HXl) But also fz(q)l) — (I)l, NN ,fl(@r) - (I)r do this. By
definition f;(®;) — ®; for 1 < i < h has the following form, where 0 < a7, < p and
yl € K:

Zait((:ﬁ;/\xt (zl A xf) —i—Z (z} — z1))-

s<t

Note that ozit and yi do not depend on i. If we apply a suitable permutation to
the elements of X; uniformly for all j, then we find some k (1 < k < r) such that
of,, =0 = ol for all j and all s1,s, if and only if & < t. We introduce the
following notation:
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For 1_§ i_g h, X;7 = {z%,... 2t} and for 2 < i < h, X; = {z,i+1,... ,2i)
where z{ = 2t — x;. We choose a linearly independent set Y C H such that

Vy={yl :1<t<r1<j<r})

Then the sequence YXfX;'XQ_ . X,‘[Xh_ has the following properties:

(S1): For 2 < i < h the vector space (Y X;" XX, .. X X, ) is a minimal
extension of (YX;7 X, X, ... X;" X~ ). Also N((YX{”'X;X2 XX
is freely generated by ®%, ..., ®% over N{Y X;" X5 X5 ... X;7 | X)), where
@’ is of the form

Yo (@A)~ @ Aam)+ Y @A —a))+ Y WAz,

1<s<t<k 1<t<k k<t<r

a{s and y{ do not depend on 4, for every ¢t < k there is some s < k and some
j such that of, # 0 or o/, #0, and (V) = ({y/ : 1 <t <r,1<j<r}).

(S2): For every permutation o of 1,...,h with (1) = 1 define f,(y) = v,
fola)) = 279 for 1 <t < k and f,(z}) = zf(l for k <t < r. Then f,
induces an automorphism of (Y X;" X5 X5 ... X; X, ) and the corresponding
structure in S.

(S3): Let 1 < j. Forl<t<kdeﬁnefj(xt)—xtfor2<z<handz7éj,
fi(zt) = x], and f;(z]) = x}. For k <t <rdefine fi(2) = 2 — 2l for
2<i<handi#j, and fj(zg) = —z]. Then f; induces an automorphism of
(YX{XF X5 ... X;F X, ) and the corresponding structure in S.

(S1) was already proved above. (S2) follows from Lemma 6.1. To obtain (S3)
we repeat our considerations with X; and X, exchanged, and compare the result
with the situation in (S1) via Lemma 6.1.

Now we have to realize that there are many ways to choose a sequence of compat-
ible bases X1,..., X of Ky,..., K} over H. Among all such, we choose one that
gives us first a minimal k in (S1), and then a minimal (Y) in (S1). Let X;” — X"
be {2} —z} : 1 <t <k}

We call a vector space automorphism f of (Y X;" XS X5 ... X;F X7} well-tolerated
if

(a) f(y) =y fory €V, f(YX])) = (VX]"), FUKXT - X{)X7)) = (X —
X)Xi),
(b) for 1 <i,j < h the equality f(z}) =y + 3, <<y V5% holds if and only if

fe) =y+ Y vl whereye.
1<s<k

(c) for 2 < i, < r the equality f(z}) = Di<s<k ns(xt —xé)—l—qusr nsz% holds

if and only if
f(zb: Z’I]SCC—CC Z"?szj

1<s<k k<s<r

Note that a well-tolerated automorphism f of (Y X;F X X, ... X;" X, ) as above
can be extended to a vector space automorphism g of (Y Xy,... , Xp) with g((Y X))
= (Y X;). By our choice of Y, X1, ..., X}, we obtain:
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(S4): For every well-tolerated automorphism f of (Y X;" X5 X5 ... X;7 X, ) the
sequence Y f (X)) (X)) f(X5) ... f(X;)) (X, ) again satisfies (S1) with the
same k and (Y), (S2), and (S3).

Now let Y X" X7 X5 ... X;" X, be any sequence with X;* = {z%,... 21} and

X7 = {21, .21} We call YX{XT XS ... X;F X, a reduced k-sequence, if
YX{XSXS ... X;F X, is linearly independent and Y X;" X7 X5 ... X;7 X, fulfills
(S1), (S2), (S3), and (S4).
Let (34)™ be the following property:
(34)™: For every reduced k-sequence Y X;" XX, ... X;" X, in M with k +
|Y|,r < m we obtain

h <2(maz{k+1|Y|,r}) +1.

Furthermore we define:

(24): For every reduced k-sequence Y X;" XX ...X; X" we obtain h <
2(maz{k +|Y|,r}) + 1.

In the following lemma we summarize some trivial facts about reduced k-sequences:

Lemma 6.2. Let YX{" XX, ... X;" X, be a reduced k-sequence.

1. Y] <r2.

2. Linear combinations of the relations ®%,...  ®¢ in (S1) are again of the form
described in (S1).

3. The composition of two well-tolerated automorphisms is again well-tolerated.
Therefore we can iterate (S4).

4. Assume that M fulfills (X4). If Ki,...,K} are realizations of a minimal
extension of H that are in free composition over H, then h < 2dim(K;) + 1.

Proof. To prove (4) we construct a reduced k-sequence from H and K3, ..., K} as
described above. Then the assertion follows. O

By Lemma 6.2.3 the application of well-tolerated automorphisms transforms a
reduced k-system into a reduced k-system again. As above let A, B, and C be
finite structures in S that fulfill (¥3). Assume that A is a common substructure of
B and C, and that A is selfsufficient in B and (dim(B/A) + 2+ 1)-selfsufficient in C
for some [. Let D be B x4 C. By Theorem 4.1 D fulfills (X3)°. Often we assume,
furthermore, that B is a minimal extension of A that is not realized in C. Then D
fulfills (X3).

Lemma 6.3. Assume A, B, C, and D = Bx,C in S are chosen as described above
such that D fulfills (£3)°. Let YX{ X5 X5 ... X X, be a reduced k-sequence in
D with 0 < k. Assume that'Y is a suitable basis of (V).

L If(YX] XS nOo=(Y)nC, then (YX{ X)) = (V) + (YX{X)NB).

2. If (YXH)NnC=(Y)NC, and (YX{XYNB=(YX{)N B, then (YX]) =
(V)+((YX)NB), (YX") = (Y)+((YX)NC), and (Y X[ X5') = (Y X[ )+
(YX{X$)nO).

3. If(YXT XN B=(Y)NB, then (YX{X5) =)+ (YX]X)nCO).

4. IFYXHYNB = (Y)NB and (YX;7 X )YNC = (Y X X;)NC, then (YX]) =
(V)+((YX)NC), (YXS) = (V)+((YX)NB), and (Y X[ X)) = (YX[)+
(YX{XS)NnB).
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Proof. Since we use bases in our proofs, we write the lemma in the language of
suitable bases:

1. Assume that Y'S;"S is a suitable basis for (YX]7). If Y.S5°7S¢ is

a suitable basis for (Y XJ7) and Y'S{**S;7¢Z50" Z ¢ is a suitable basis for
(Y XX, then ¢ = Sif¢ = Zj¢ = ().
2. Assume that Y.S;"" S is a suitable basis for (YX["). If YSF°SS ¢ is
a suitable basis for (Y X;7) and Y S{**S;¢Z5* Z ¢ is a suitable basis for
(YX{XS), then S;¢ =S¢ =Zf°=0.
3. Assume that Y S{*S; ¢ is a suitable basis for (Y X;). If Y S;5SF ¢ is
a suitable basis for (Y X,') and Y .S " S;¢Z5“*Z¢ is a suitable basis for
(Y XX, then ¢ = Sif¢ = Z¢ = ().
4. Assume that Y S;*Sf is a suitable basis for (Y.X;F). If Y.SF*5)¢ is
a suitable basis for (Y X5) and Y.S{“*S“Z"*Z¢ is a suitable basis for
(Y XX, then S7¢ =S¢ = Z7¢ =10.
We show (1) and (2). The proofs of (3) and (4) are similar, since we do not use
that A is selfsufficient in B and (dim(B/A) + 2 + [)-selfsufficient in C.

We start with the proof of (1). First we assume that Z;"° # () and show a contra-
diction. We rewrite (S1) with respect to Y S S;7¢Z5 %" Z57 to get a contradiction
with the help of Lemma 4.3. First we apply several well-tolerated automorphisms
of (YX;' XS Xy ... X;" X, ) to make this easier.

By (S4) we can assume w.l.o.g. that

(1) X3 = 55085
Then there exists ko such that 1 < ko < k and {a3,... 27 } = St Using the
notation of (S3) we have z} = f;'(2?). Using (S4) for a suitable well-tolerated
automorphism, we can assume that (1) remains true and w.l.o.g.:
(2) For every i with 1 <4 < kg either x! +w ¢ B for all w € (Y{z},... 2} |})
or there exists some y; € (Y) such that z} —y; € B.
In the first case we define u} = «}, and in the second uj =z —y;. Y{ug,... ,up }
can be extended to a suitable basis of (Y X;"). By application of (S4) to well-
tolerated automorphisms of the form f(z?) = a7 — i nx{ —y, where y € (Y)
and kg < 7, and then of the form of a suitable permutation, we can assume w.l.o.g.
that (1) and (2) remain true and:
(3) There exists k; with kg < k1 < k such that {u}l : 1 <
{2} 41,--- @}, } can be considered as S{** and {u} : 1
U{zp, oqs--- 2p) as ST°

For ko < i < k we define u! = z!. Then S;** can be chosen as the sequence
of all u} with u} € B and S{™¢ as the sequence of all u} with u} ¢ B. We have
Xy = SF7sFe. But X;™ # S;P"S; is possible. To obtain equality as sets we
have to add the y;’s, as defined above in (2). Now we want to extend Y S;°” ;™
to a suitable basis of (Y X;" X, ). By assumption of the lemma (Y X;"X,') has a

suitable basis of the form Y S;™* ;"¢ Z;** Z¢. Therefore
(4) Y= SFe{a?, ... 2} } is an initial part of a suitable basis of (Y Xi" X7).
We define uf = xf for 1 <4 < kq. For kg < ¢ we define either
(a) u? =22, if 22 is not in B modulo <YSf'e{u? 1j<i})

7

or otherwise
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(b) u?=a?—w;, where u? € B\ A and w;” € (Y°Y4S{{u? : | < i,u? & B}).

Since by (3) x%:u}ESf‘bw for kg <t < kq andx}:u%ESfe for k1 <1 <k,

we can apply (S4) again for well-tolerated automorphisms defined by f(:lc{ y=1z] —

> ko<i<i 7171 - Then (1), (2), (3), and (4) remain true, and
(5) in case (b) w € (YY4S[ ).

Now we can regard {u! : j € {1,2},1 < i < k} as another enumeration of
SHbr§ie 70T ¢ We have the following connections with the basis Y X" X5

ul = a2} —y; for 1 <i < ko, where y; € (Y), and y; # 0 implies u} € S

u?zx?EBforlgiSko,

uj = x} for ko < i <k, and

u? = x? —wf for ko < i <k, where w;” = 0 if u? ¢ B and w} € (Y°Y1S8]°)
otherwise.

First we show that Z; ¢ = (). That means that all u? are in B. Otherwise there
is some u?o ¢ B. Then kg < ig and u?o occurs in the unique representation of the
zh’s (I = 1,2) with respect to the basis Y{uj : 1 <@ < k}{uf : 1 < i < k} in
the case [ = 2 and j = 4o only. By (S1) we know that N((Y X" X;F X)) is freely
generated by some ®?, ... ®2 over N((Y X)) that are of the following form:

Yo a(@na)) —(Aa))+ D WA —a))+ Y (WA,

1<s<t<k 1<t<k k<t<r

For every ¢t with 1 < ¢ < k there exist s and j such that s < ¢ and ozit # 0 or

t < sand al, # 0. Choose [ and j such that [ < 4o and a{io # 0 or iy <[ and
a{gl # 0. If ® is rewritten with respect to Y{u; : 1 <i < k}{u : 1 <i <k}, then
uj A or ui Awuj respectively occurs exactly once in this representation of ®2.
(5) is used. But this contradicts Lemma 4.3, if we consider a suitable basis of D
that is consistent with Y {ul,... ui}Hu?, ... u}.

It remains to show that S = (). Then S;¢ = 0 and Z,° = 0 imply S5 = 0.
Let us assume that S{¢ # 0. For u} € S7° we have u} = x} . If ul is not
involved in the representation of any w;' with respect to YCY‘iSfr ¢, then we obtain
a contradiction as above:

We rewrite ®%, ..., ®2 in (S1) with respect to Y{ul,... ,uj}{u?,... ,u?}. Then
there is some @? and some t such that <I>§ contains exactly once the basic commu-
tator u; Awuj or uj Awuj respectively. Again this is impossible by Lemma 4.3.

Therefore we assume now that u;, occurs in some wj,. For all ¢ with ko <i < k
we define w;” = g;u;, +w;, where w; € (YY4(S{\{ul })). By assumption g, # 0.
Then ky < m. We want to procduce a situation such that ¢; # 0 for exactly one
i. Otherwise we fix m minimal with ¢,, # 0. We need m # ig. If ig < ko, then
this is true. If kg < ig, then k1 < ig by (3). In the case k1 < ip = m we choose
another my with ¢p, # 0. Then m < m;. We can exchange xJ, and zJ, by (S4).
By construction (1), (2), (3), (4), and (5) remain true. Therefore we can assume
w.l.o.g. that m # iy and m is minimal. Now we use (S4) again and apply the
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following well-tolerated automorphism determined by

j): {—(qi/qm)x{n if m < and xfzu%—l—qiu%[)—i—wi,
x] otherwise.

In the first case of the definition we have
f@d)=uf 4+ qiuj, +wi — (¢5/am)(up, + gmui, + wim)
=(uf = (gi/qm)u3,) + (wi = (¢i/Gm)wm)
and f(z}) = x} — (¢i/qm)Tp,-
Note that u} =z} for u} € S{°; in particular, u} = z! . Since m # iy we have
for kg <i<m

w; € (YYUF(SFON\{f(z)})
and for m < i

wi — (qi/@m)wm € VYIS {f(2])}).

Hence after this application of (S4) we can assume that all our assumptions remain
true and that xj = uj occurs in w = gmuj, +wm where g, # 0 but in no other
w;” with respect to the basis Y¢Y2S[™°. Again we rewrite (S1) with respect to the
basis

Y{u}, o ,u,lc}{u%, o ,ui}

Then there is some ®2 in N((YX;"X; X;)) and some ¢ such that ol # 0 or
oy, # 0, and u} Auj or uf Auj, occurs in the representation of (S1) exactly once.
Again we have a contradiction to Lemma 4.3.
To prove (2) we apply (S4) similarly as above and obtain:
(6) X5 = 558, which means {z},... 23 } = S5 and {2} _,,... 23} =
sfe.
(7) For 1 < i < kg either 2} = ul € S{°, or there exists y; € (V) with u} =
$11 —Yi € Si‘_bx.
(8) There exists k1 such that ko < k; <k,

{ul :1<i<ko,ul € B{aj, 11,2}, }
can be considered as S;°”, and
{u} :1<i<kouf € BH{zp, 41,..., 24}

can be considered as S;.

We define u} = z} for kg < i < k. Since Y'S;**S;" 25" Z;¢ is a suitable basis for
(Y XX, we have:

(9) YS{*Sfe{a?,... ;a2 } is the initial part of a suitable basis of (Y X7 X3").
We define u? = 2? for 1 <14 < ko. As in the proof of 1) we get w.l.o.g.:

(10) For ko < i
(a) either u? = 22 is not in C' modulo (YS’frbmSlJre{u? 1§ <}y,

%

(b) or u? = 2? —w; is in C for some w;” € (YPYIG;07 5 ).

i Y
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In the first case u? is in Z;° and in the second case u? is in ZT°*. First we show
that Zy ¢ = 0. If u? € ZF°, then we know by (10) that it does not occur in the
representation of any w;-r. Therefore we obtain a contradiction as in the proof of 1.
The next step is to show that S;™¢ = 0. As above we assume that some ul € Sire.
Then u}o = x%o. If u%o is not in the representation of some w;’, then we obtain a
contradiction as above. Otherwise we show that we can assume w.l.o.g. that u;,
occurs exactly once in some w;' and get a contradiction.

It remains to show that S;7¢ = 0. If S;¢ # ), then by (6) and S;¢ = () we have
ko < k1 =k, and 22 € S° for all i > ko. Then z? = u? + w;", where u? € C and
w;” € (Y Y28 P7) as in (10b) for i > ko. w;" has to contain some u} of S;**, since
Z5¢ = 1. As in the proof of (1) we can show that w.l.o.g. some u} occurs in w,':OH
but not in any w;” with i > ko + 1. Again we get a contradiction to Lemma 4.3,
since some @3 in (S1) has to contain a basic commutator uf Auj or uj Auf exactly

“+bx
1

once, where u? € Z§* and uj € S;°%, a contradiction. |

Now all our efforts are concentrated on the proof of the following:

Lemma 6.4. Assume that A, B, and C are finite structures in S that satisfy
(X3) and (X4)™. Let A be a common substructure of B and C, B a minimal
extension of A that is not realized in C, and let A be n-selfsufficient in C, where
2m? dim(B/A) + 2 < n. Let D be B4 C. Then C is selfsufficient in D, B is
n-selfsufficient in D, and D satisfies (£3) and (34)™.

By Theorem 4.1 it remains to show (X4)™ for D. Before we start we need three
further lemmas.

Lemma 6.5. Assume the situation of Lemma 6.4. Let Y X{ X X5 ... X;F X, be
a reduced k-sequence with r,|Y |+ k < m. For 2 < j < h we suppose that neither
YXFXFX7)NnC = (YX)NC nor (YXFXTX7)NB = (YX{) N B occurs.
Then h < 2(maz{|Y|+ k,r}) + 1.
Proof. Let Q@ = Q*Q°Q°Q? be a suitable basis of (Y X ) that respects (Y'). Assume
that SgS;?ySf"wrS’;mSj is a suitable extension of @ for (QX j’ X5 ). By the assumptions
of the lemma at least one of the following conditions is fulfilled:

(a) S;-’IS’J“SJG- =0.

(b) Sb=S¢ # 0 and S¢S S5% £ 0.

(c) S5°S¢ # 0 and S3S7Y.Stw £ 0.
Let K be an extension of H. In the previous section, before Lemma 5.1, we de-
scribed how to find a suitable basis of K, respecting a given suitable basis of H.
Q = Q*Q°Q°Q? is a suitable basis of (Y X;") that respects (Y'). That means the
following by definition:

Qa _ Y'aZiJ,7 Qb _ szi)yzi)w7 Qc _ YchyZ16$7 Qd _ Yel Zf?
where YoY Y Y4 with Y = Yl {u+v € (V) : u € Z%, v € Z¥} is a suitable
basis of (Y). This is the first step in an induction on j < h. For 1 < j < h we
construct Z; = Z;?Z;?yZ]l?ijij and Z;y,Y@j,ZfJ, s Z50, Z5 = Z§ such that:

e For every u € Z;y there is exactly one v € Z;¥, and conversely for every

v € Z3” there is exactly one u € Z;-)y, such that

utve (YXFXTSXy . X7 X))
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e (V) has the suitable basis
Yoy Yy {u+ve (Y):iue Z¥ ve Z¥ 1<k <j},

where Y is a basis of (Y) N A, Y2Y? is a basis of (Y)N B, Y*Y* is a basis
of (Y)NC, and

Y9 {u+wve (Y):uEZzy,vech,lngj}

is the part that is linearly independent over ({(Y) N B) + ((Y) N C).
e (Y X]) has the suitable basis

YOeze Yz zb ye 7 2¢t YOI 79 {u + v e (Y XT) :
weZl ve 7,2 < k < j},
where Y% Z% is a basis of (Y X;')NA, YoZ8Y?Z% Zb7 is a basis of (Y X;)N B,
YeZeYeZY Z§* is a basis of (Y X{7)NC, and
Y9IZ ut+ve (YX)iue 2l ve Z,2 <k <j}

is a basis of (Y X)) over (YX;")NB)+(YX])NnO).
e For (YX{XFX;...X;FX;) with 1 <i < j we obtain a basis

VEIAVA IS VALY AV AV A ALYALI GVALY ALY ALY A AL VA

YOZIZ9 2 u+v e (VX XS Xy . XPXT)
ue ZP ve ZF i <k <j},

where the a-part is a basis for
(YXF XXy . XFX7)N A,

the union of the a-part and the b-part is a basis for
(YXHXFX; .. X X7)nB,

the union of the a-part and the c-part is a basis for
YXIXSX .. . XX7)yna,

and the remaining part is a basis of

YXIXSXS . XX7)

over (YX{ XS X5 ... X X )nB)+(YX{ X5 X, ...X X, )nC).

The Z; are constructed by induction on j. Assume Z; has been built; we start
the construction of Z;;1. Z¢, ; is obtained as usual. Then Zfﬁl = Uo<i<; Z;’?H(z)
and Z7Y; = Uy<;<; Zj11(i), where Zfﬂ’_l(i) and Z7Y, (i) are obtained by induction
on i. Let Z;f_l (0) be a basis of ((Y)+C)NBN{Y X X5 X5 ... X;;lXj;l) over
(BN (YX{TXSXs ... X X]) + (Z54,). To get Z54,(0), choose for every u €

J+1

Zfﬂ’_l(O) some v in C' such that u+v € (V). If Z;')L(i) and Z;Y, (i) are constructed,
then define Zfﬁl(i + 1) to be a basis of (YX{ X5 Xy ...X X, ) +C)nBN

(YXFXS X5 .. X X)) over

(BOYXT XS Xy XX7)) + (25, 200,(0) ... Z2, (i)
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To obtain Zj¥, (i + 1) we choose for every u € Z;-)L(i + 1) some v € C such that

utve (YXTXSTXS .. .X;;lX;1>. Then Zjl?il and Z7¥, are obtained as usual.
YU+l is a basis of (Y) over

(Y XXXy . X, X yne)
and, for 1 <i < j+1, 229 is a basis of (YX; X5 X5 ... X;"X]) over
(YX{X5Xy ... X}, X5,,)NB)
— — e e e(j+1
+(YXT XS Xy X X)) N O) + (Ve 2k, L ZE9T),

YNB)+ (YXT XX .. .X;;lijrl

Now after modifying Y% and all Zf we can assume:
Vé=vrlut+ve(Y):ueZ¥ veZ¥ forsomel withl << h}
and
Z5 :Z;h{u—kv €(Z5)ue Z)Y,ve ZY for some | with j <1< h}
for 1 < j < h. We say:
Y Z...Zy gives us a suitable basis of (YX{ XS X5 ... X;FX,")
that respects (Y),(YX{H), ..., (Y X" X5 X5 ... X, X, ).

If Z; = Z;Z;’y, then we can carry out the procedure above so that we have
Z;‘ = Z;‘ “Zf % as a suitable extension for
(YXFXSXs . X X X
over (YX{" X5 X5 ... X" | X~ ) and Z; = Z;*Z~" as a suitable extension for
(Y XXXy . ..X;er_>
over (YX{ XX, ... Xf_lX;_le>.
Note that Q¢ = Y?Z§. We suppose that Q¢ = {uy +v1,... ,u;, + v, }. By our
assumption either w; + v; is not in
BN Y X XaXy ... XX, )+ (CN Y XXXy ... X X))
or u; € Z;’y and v; € Z;y for some j with 2 < j < h. Define U; = Q%{uy,... ,uy },
V1 = Qc{vl, . ,’Ull}, and W1 = Qa.
If Uj_1, V;—1, and W,_; are defined and Z; = ZJ‘»’Z;yZJmZ]“ZJ?, where Z7 =
{w;_ 41+ v, 41, yw, + g}, then we define
Uj = Uj_lzbm{ulj71+1, e ,ulj},
‘/j = ‘/j—lzar{vljfl-l-lv s avlj}a and
W; =W;_1Z5.
By assumption u; +v; € Z7 is either not in
BN Y X! Xa Xy ... X X, )+ (CNY XXXy . X, X))

or u; € Zlby and v; € Z;Y for some [ with j <1 < h.
Now the fact that (a), (b), or (¢) is true implies that one of the following condi-
tions is fulfilled:

I. ZJZ»EZ;IZJ? = 0.
bx r7e a r7b cx
I 2%°7¢ # 0 and Z; Z;ZJZ; # 0.
cxrze a Y €
L Z5°Z§ # 0 and Z3 2V 20 4 0.
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First we assume that Y = Y% C A and there is some X;' C A. By (S3) w.lo.g.

X" C A. The case X;" = 0 (k = 0) is included. Then @ = Q* C A. By (S1) a

suitable basis of (YXfX;er_) cannot be of the form QS¥ for any j. If k =0, use

Lemma 4.4. Hence ((YX{ X" X7) N B) + (YX{ X X)) nC) # (YX{") for all

j. Then Lemma 5.2 implies that either all X;er_ are in B or they are all in C.

(3X4)™ for B and C gives the assertion. In all other cases we prove the following

claim (11) that implies the assertion, as we will explain.

(11) There are functions f and g with f(1) = ¢g(1) = 0 and f(i — 1) < f(i),
g(i —1) < g(i) for 2 < i < h and relations Ay,...,Ay; € N(B) and
O1,...,0y) € N(C) such that for 2 < j < h:

(i) If we have Case II, then f(j) = f(j — 1)+ |U; \ Uj—1| + 1.
(ii) If we have Case III, then g(j) = g(j — 1) + |[V; \ Vj—1| + L.
(iii) If we have Case I, then f(j —1) < f(H)) < fG—-1)+1,9(7—1) <g(y) <
g(G—1) +1, and f(j) = f(G—1) +Tor g(j) = g(j — 1) + 1.
(iv) Ai,..., Ay are linearly independent over N2 A.
(v) ©1,...,0) are linearly independent over A2A.
(vi) If f(j —1) <i < f(j), then A; is in (A2(U;W;) + A2A) N N(B). If A,
is written as a linear combination of basic commutators with respect to
a suitable basis of D that extends U;Wj, then every u; that is not in
Us<s<; Z"% occurs in basic commutators of the form a A u only, where
a€ A
(vii) If g(j — 1) < i < g(j), then ©; is in (A2(V;W;) + A2A) N N(C).If ©;
is written as a linear combination of basic commutators with respect to
a suitable basis of D, that extends V;W;, then every v;, that is not in
Ua<s<; Z5Y, occurs in basic commutators of the form a A v only, where
a€ A
First we show that (11.i-vii) implies h < 2(k + |Y]) + 1. Otherwise w.l.o.g.
h=2(k+Y|) + 2. By (11.i-iii) we have

(f(h) = U\ UL]) + (g(h) = Vi \ V1]) = h = 1> 2(k + [Y]).

It follows that
fh) >k + Y[+ |Un| = [Ur] = [Un| or g(h) >k + Y|+ |Va| = [Vi] = [Val.
By (11.iv) or (11.v) respectively we have
dim(N((UnA))) — dim(N(A)) > [Up], or dim(N({VhA))) — dim(N(A)) > [V4].
This is equivalent to
S((UnA)) < 6(A) or 6((VhA)) < (A).
The first inequality contradicts the self-sufficiency of A in B. Note that
[Vl < Y]+ 1X |+ (h = DIXF X5 | < 2m?,

because k + |Y|,r < m. Therefore the second inequality contradicts the 2m?-
selfsufficiency of A in C.

Now we assume that Y ¢ A or Y C A but no X} is in A. To prove (11) by
induction on j we suppose that (11) is true for j — 1.

First we show (11) for j in the Cases IT and III. Let us assume Case IT; Case III is
similar. We have Z;-’”Zj # () and Z;-’Z;?yZ;z # (). Then f(j) = f(j—1)+|Z§-””Z§|+1.
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Since (QZ> ... Z;) is a minimal extension of (QZ5 ... Z;_1), we obtain
8(Q%2 ... Z; 1 2L 2 Z5%)) > 8((Q22 ... Zi—1) = 6((QZa . .. Z5)).
Therefore
dim(N((QZ: ... Z;))) — dm(N((QZs ... Z;_1 ZEZW Z5%))) > | 2% Z¢)|

Denote |Z}*Z5| +1 = f(j) — f(j — 1) by s. We choose relations ®1,... ,®, in
N({QZs...Zj;)) that are linearly independent over

N((QZy...Zi 1 Z3 2V Z5%)).
This is equivalent to the following:

Every non-trivial linear combination of ®1,...®, considered as

a linear combination of basic commutators over QZ5 ... Z;
contains a basic commutator with an element of Zf"”’Z -

If we rewrite ®; as a linear combination of basic commutators with respect to
U;V;W; then by Lemma 4.3 ®; = ®? + &, where ®% € A2(W,U;), ®5 € A2(W,;V}),
and there is some J; € A2A such that ®+.J; € N(B) and ®¢—J; € N(C). We define
Af(_j—1)+i = (I)? + J;. Then Af(_j—1)+i S (/\2<WjUj> + /\QA) N N(B). By construc-
tion every non-trivial combination of Ay;;_1)41,...,Ay(), represented as a linear
combination of basic commutators over a suitable basis of D that extends W;Uj,
contains a basic commutator with an element of U;\U;_1. Therefore Ay, ..., Ay
are linearly independent over A2A by induction. It remains to show (11) (vi) for
Af—1)415- -+ »Ay¢y- This is an immediate consequence of Lemma 4.3, if we use
the suitable basis Q2> ... Z;.

Now let us assume that Y?Y? #£ (). We show (11) for j in the remaining Case
I. We have Z; = ZJ@Z;y. Take y € Y'Y, Define y, = y, if y € Y?, and y,, € Uy,
ye € Vi, if y = yp + ye € Y. By (S1) N((Y X7 X[ X[)) is freely generated by

®7 ... ®J, where ®/ is of the form

> ab(@ash)—@iaah)+ 3 wiAG-a)+ Y @A),

1<s<t<k 1<t<k k<t<r

If we rewrite the y!’s with respect to Y, then let 4 be the coefficient of y A (] — 1)
and y A zi respectively in @g .

As mentioned above we have chosen Z; = Z;”lZ;rby as a suitable extension
for (YX7XFX5 ... X X7 X)) over (YX{X) Xy ... X X)) and Z; =
Z7Z7 % for (YXT XS Xy . X[ X7) over (VX XFXy .. X5, X7 X ). Us
ing an appropriate well-tolerated automorphism of (Y X X5 X5 ... X X[), we
may assume by (S4) that

{z,... .2} = Z] modulo (YX{" X X5 ... X} X ),

{241, ,2l} = Z7 modulo (YX{ X5 Xy .. . Xj_ X ).

Let x; be the element of Z; that corresponds to x7, and let z; be the element of

Z; that corresponds to z]. In the following we will find suitable z; = a € Z;’ ¢ or

2t :anj_“ orx; =u € ZT% or z :uer_by such that y, Aa or y. Aa or y, Au
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or y. A v has a non-zero coefficient in the representation of some q)g with respect to
W;U;Vj, where v € Z3¥ is obtained by u +v € (VX[ XF X5 ... X7 X7 ).

First we assume that we can choose y =y, € Y?or y € Y with y = yb—i—yc where
Yp € ZbyZby Zj .- Then z] = xt + 20 + ey and 2] = 2z + 27, where 29 + e,y
and z{ are in (QZ2...Z;_1) and 2 € (QZ>...Z;_1 \ {yp}). In the representation
of <I>g with respect to QZs...Z; the coefficient 7} of yy A 2z¢ is 7} and of y, A x4
is i + Yoot alies — ZKS ales. There has to be some i such that at least one
of these coefficients 7 is not zero. Otherwise the well-tolerated automorphism e
defined by e(2]) = 2 — ey and e(z/) = 2/ would give an (S1)-representation of
the ®!’s with respect to (V' \ {y})X{ X X, a contradiction to (S4). Fix i and
t with ni # 0. If 2, :anJ‘-"“fortSkorzt:anj_“fork<t,then
fbg contains yp A a with the coefficient ¢ in its representation with respect to the
basis W;U;V;, because a ¢ W;_1U;_1V;_1. Otherwise z; = u € Z;by for t < k
orz; =u € Zj_by for k < t. Note that u # 1. Then there is some v € Z;rcy or
v E Zj_cy such that u+v € Q4Z5 . .. Z5_4. In the representation of <I>g with respect
to W;U;V; the coefficient of y, A u is (5} + u), where p is the coefficient of y, A v
in this representation. Either ny + p # 0 or p # 0. In the first case y, A u occurs in
this representation with the coefficient (n + u) # 0. In the second case y, A v has
the coefficient p # 0. This is impossible by Lemma 4.3.

Now we suppose that Y* = () and there are no ! < j, y € Zlby7 and y. € Z;¥ such
that y, + y. € Y. By the construction of Z1,. .., Z), we have that Y¢ is linearly
independent over ((QZ1...Z;—1) N B) + ((QZ1...Z;—1)) N C). By assumption
Y £ (. AS above, Consider ol =z 420 + ey, 2 = 2 + 20, where 20 + ey, 20 €
(QZ>...Zj—1) and x) € <QZQ Z;—1\ {y}). Again n] = ~; is the coefficient of
YA 2 and M=+ Y 0lyes — ZKS alges is the coefficient of y A z; for t < k
respectively in the representation of <I>g with respect to the basis QZ>...Z;. By
the same argument as above we obtain ¢ and ¢ with n; # 0. We have to discuss the
following cases:

(i) Y is linearly independent over ((QZ1...Z;) N B) + ({QZ1 ... Z;) N C).

(ii) There are some y;, € Z;-)y and y. € Z;” such that y = yp +y. € yd,
Again we have used the fact that YZ; ... Z}, gives us a suitable basis of

YXFXFXS . XPX,))
respecting

We consider Case (i) and choose any y € Y?. Then there is no y, € Zjl?y
with y —y € Z;y. Let pi be the coefficient of y A z; or y A x; respectively in
the representation of ®] with respect to the basis W;U;V,. If 2y = a € Z;' “ or
Zt=a € Zj_“ respectively, then i = ¢ # 0 as above. Otherwise z; = u € Z;by or
2t =u€ Zj_by respectively. Choose v € Z7" such that u +v € QZs...Z¢ 1. By
assumption (u 4 v) # y. Hence pj = nj 4 p, where yu is the coefficient of y A (u+v)
in the representation of ®] with respect to the basis QZ,...Z;. If we consider

the representation of @g with respect to the basis W;U;V}, then we have = 0 by
Lemma 4.3. This case is not possible, since 7y # 0 would imply a contradiction.
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There remains Case (ii). We choose y € Y% with some y, € Z;-)y such that
Yy—Yp € Z;y Assume yp = x4, Or yp = 2, respectively. Then 17,%0 = 0 for all
¢ by Lemma 4.3. Note i and t are fixed above with n; # 0. Therefore z; or z
respectively is different from y,. If x; = a € Z;“l or zy = a € Zj_ @ respectively,
then 7! # 0 is the coefficient of y. A a in the representation of <I>g with respect to
the basis W;U;Vj. Otherwise z; = u € Z;ij orz=u¢€ Zj_by respectively. Choose
v e Z5¥ such that u +v € Q4Z5 ... Z5_|. Let p be the coefficient of y A (u +v) in
the presentation of <I>g with respect to QZ; ... Z;. Define vj =0 for k < t, v} = aj ,
for tog <t <k, and v; = —ay, if t <tp < k. We consider again the representation
of ®/ with respect to the basis W,;U;V;. Then

ni 4+ vi + u is the coefficient of yp A u;

ni + p is the coefficient of y. A u;
u is the coefficient of y. A v.

By Lemma 4.3, i + = 0. If y, A u has the coefficient 0, then v} = 0 and 5} # 0
implies p # 0. Hence either y, A u or y. A v has a non-zero coeflicient.

Our assumption was that YbYd =£ 0. In all possible cases we have shown that
there is some @/ that contains a basic commutator y, A a or y. A a or y, A u or
Ye A v in its representation with respect to W;U;V;, where a € Z7, u € Z;-)y, and
v € Z;y Of course y, A a cannot occur in the representation of any A; with
i < f(j) as a linear combination of basic commutators with respect to W;U;Vj.
The same is true for y, A u and A; with ¢ < f(j) and for y. A v and ©; with
i < g(j), since the representation as a linear combination of basic commutators
with respect to W;U;V; of A; with ¢ < f(j) and of ©; with ¢ < g(j) contains w A u
or w A v respectively for w € A only, by (11) (vi) and (vii). If we represent &’
as a linear combination of basic commutators with respect to a suitable basis of
D that contains W;U;V;, then ®! = ®P + ®°¢ and there is some J € A%A such
that ®° € A2(W,;U;), ®¢ € A2(W;V;), ®° +J € N(B), and ®° — J € N(C).
We define f(j) = f(j —1) +1 and Ayj) = ®* + J, if y» Aa or y, A u occurs.
Since yp A a or yp A u occurs in A; for 1 < I < f(j) if and only if I = f(j),
we obtain the linear independence of Ay, ..., Ag;) by induction. Analogously we
define g(j) = g(j — 1) +1 and O ;) = ®° — J, if y. A a or y. Av occurs. The linear
independence of ©1,...,0,;) follows. Again (11) (vi) and (vii) are obtained by
Lemma 4.3. For the case Y?Y? # () (11), and therefore the lemma are proved.

If Y°Y? = () but Y¢ # ), we prove Case I of (11) in the same way. We define
Aj(j) and Oy (;) analogously as above, working with Z7" instead of Z;’y.

Now we carry out the induction assuming that Y = Y* C A. By the assumption
above X j’ Z A for all j. Then k > 0. Assume (11) is shown for j — 1. It remains

to show (11) for j in Case I. As mentioned above, Z; is split into Z;' = Z;‘“Z;by
and Z; = Zj_aZj_by such that Y Z; . ..Z;ij_ ... Zy gives us a suitable basis of
(YX{ XXy ... XY X, ) that respects
V) (Y XT) (VXX X ), (YXTXS Xy o X X)),
(YXFXSXs . X X X)), (YXT XS Xy XX,
(YXT XS Xy o X X ) (YXT XS Xy o X X ),
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The image of X J+ and the image of ZJ'-|r form bases of the vector space
(YXFXSXS . X X X))

over (YX{ Xy Xy ... X5 X)) 1 Zjazjb?{ = {t],...,t1}, then by (S4) we can
assume w.lo.g. that ] = ] 4+ ¢}, where ¢ € (YX{ X7 X5 ... X" X~ ). If
tl € Z;r“, then #/ does not occur in W;_1U; 1Vj_1. If t] € Z;'by, then t/ € U;_,
and there exists some wf € Vj_1 such that t{—l—wg €QZS. .. Z§_q but tf and wf are
not in (YX;FX;XQ_ . .X;r_lXjf_1>. If we rewrite g; with respect to W, 1Uj-1Vj-1,
then we have z; = (1 +)t] + vw! + ¢ where ¢; € (W;_1U;_1V;j_1 \ {t],w]}).
Ift] e Z;r“, then we use the same representation with ; = 0 and w] = 0. For
1 <4< kwedeﬁnex?' :tg if 14+ #0, andx?' :wf if 1 +; = 0. Then

v} = ex) +qF, where 0 < ¢, <pand ¢ € (W;_1U; 1 Vi \ {z7 D). =f,... 2l is
a basis of (Y XX X5 ... X X7 | X7) modulo (Y X" X5 X5 ... X;7 | X7 ) as
@),... ,x). By (54) again w.lo.g. ¢ =1 and g € (W;_1Uj—1Vi_i\{z7,.. ,xZ}}
First we assume that Z;rby #0. Wlo.g. t] € Z;'by. By (S1) we obtain ®]’s that
freely generate (Y X{"XJ X5 ... X X7) over (YX{ XS X5 ... X7 X)), ®7 is
of the form

> ol (@aa) - @ ash)+ Y WALl -+ Y win).

1<s<t<k 1<t<k k<t<r

Then there are some i and s with o}, # 0. If we rewrite <I>g with respect to
the suitable basis W;U;V;, then 1 Az} occurs in the linear combination of basic
commutators exactly once (with the coefficient ays # 0). If 21 € A, then this is
clear. Otherwise further (z] Az1)’s can be produced by the (27 Az})’s only, since
Y C A. But t; or w; occurs in xll as t1 + wy only and ts or ws as ts + ws only.
Hence this is impossible. As above let ®/ be ®? 4+ ®¢, and J € A%A, be such that
@+ J € N(B) and ¢ — J € N(C).

If xf =tJ € A, then 27 Az does not occur in A2(W;_1U;_1V;j_1) + A2A. If
xf € Uj, then Ay;y = ® + J is independent from Ay, ..., A;_; modulo A2A. If
xf € Vj, then ©4;) = ®f — J is independent from ©1,...,04_1) modulo AZA.
(11.vi) and (11.vii) follow again by Lemma 4.3.

If xF is not in A, then by Lemma 4.3 either 2 and z} are in U; or they are
in Vj. We construct Ay;) or ©y;) respectively as above. The independence of
Agyy from Aq, ... Apioqy or of Oy from O1,... ,0y;_1) over A2 A respectively
follows, since by (11.vi) and (11.vii) 2] A 7 cannot occur in the representations
of Ay,...,Agi—1y and of ©1,...,0,;_1). (11.vi) and (11.vii) follow as above.

There remains the case Z;rby = 0. That means z} = tf € A for all s with
1 < s <k Weuseazl =z +qf, where ¢& € (W;_1U;_1V;_1). Since by
assumption X;' Z A, there exists some w € U;_1V;_1 and some ¢ such that for
1<s<kal=uaf+yw+q where 0 < s <p, ¢¥ € (W,;_1U;—1Vj_1 \ {w}),
and v # 0. By (S4) w.lo.g. t =1. Note w € Y, since Y C A. By (S4) w.lLo.g.
vs = 0 if and only if s # 1. Choose s such that a;5 # 0 in CIDf Then w A z7 is a
new basic commutator in the representation of q)g with respect to W;U;V;. Here
we use w ¢ Y. We obtain Ay or Oy;, the linear independence over A2A, and
(11.vi,vii) as above. |



A NEW UNCOUNTABLY CATEGORICAL GROUP 3921

Lemma 6.6. Assume that A, B, and C are in S and fulfill (£3). A is a common
substructure of B and C'. Let D be Bx4C. Suppose that A is selfsufficient in B and
dim(B/A)-selfsufficient in C. Let Y X" XS X5 ... X;" X, be a reduced k-sequence
in D.
(i) If there exists some j (2 < j < h) such that <YXf'Xj7"Xj_> nC=({X{Hnao,
thenY C B.
(i1) If there exists some j (2 < j < h) such that (YXf'X;X;}ﬁB =(YX{)nB,
thenY C C.
Proof. Assume that Y = Y*Y?Y*°Y? is a suitable basis of (Y), and
S = SaSby Sbm gex ge
is a suitable extension of Y for (Y X;). Then (i) and (ii) have the following form:
(i) If Z; = Z}*Z5 is a suitable extension of Y'S' for (YX{"X;XJ-_> over (Y X,
then Y C B.
(ii) If Z; = Z$7Z5 is a suitable extension of Y.S for (YX{*'X;'XJW over (Y X,
then Y C C.
By Theorem 4.1, D fulfills (£3)°. We show (i); (ii) follows similarly. Assume that
Y is choosen in such a way that for every y, in S there is some y in Y¢ with
Y = Yp + Yo, where . is in SY. If Y € B, then Y°Y? # (). Let y be an element
of Y¢Y4., We have y* = y. if y = yp + y. with y, € S and y. € S%; otherwise
y™ = y. Using (S2), we can assume that j = 2. By (S1), N((Y X XJX;)) is
freely generated by ®%,...,®2 over N((Y X;"), where the ®?’s are of the form

> ah (@Inad) —(gaa))+ Y WA -2+ Y Wi A=),

1<s<t<k 1<t<k k<t<r

If we rewrite the ®2’s with respect to YXff X X5, which means the y!’s with
respect to the basis Y, then we denote by +i the coefficient of y A (27 — x}) for
1§t§l€andofy/\zt2 fork<t<r.

For 1 < t < k assume 27 = z; + 2 + ¢yT, where z, € (Z5°Z5), 2¥
€ (YS\ {y™)), and for k < ¢t < r assume 22 = z + 20, where z, € (Z%YZ5)
and z) € (Y'S). W.Lo.g. we suppose that {x1,..., %k, 2ks1,--- 20} = Zgng as

sets, since otherwise we could apply an appropriate well-tolerated automorphism
and use (54).

In the representation of <I>Z2 (1 <4 < r) with respect to a suitable basis of D that
is consistent with Y. SZ5*Z$ the coefficient of yT A 2z is 4¢ and the coefficient of
Yyt AT s 4+ D ohes — D, €5, There has to be some i such that at least
one of these coefficients is not zero. Otherwise the well-tolerated automorphism e
defined by e(x]) = 27 — e,y and e(z{) = z] would give a representation of all ®/ as
in (S1) with respect to Y X;" X7 X5 ... X;F X7\ {y}. But y* Az or y* A 2 with
yt € YY9SY and w4, 2, € Z5 Z§ cannot occur in the representation of any ®7 by
Lemma 4.3. O

Lemma 6.7. Assume that we are in the situation of Lemma 6.4.
Let YX{TXF X5 ... X;F X, be a reduced k-sequence where 0 < k and r,|Y |+k <
m.
(1) If(YX{)C B and (YX;)NA=(Y)NA, then all X;’Xj_ are in B.
(i) If (YX]) CC and (YX{)NA=(Y)NA, then all Xjf"Xj_ are in C.
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Proof. We can write the assertions in the following way:

(i) Y C B and (YX;) has a suitable basis Y Z;"**, then all X;’Xj_ are in B.
(ii) If Y C C and (Y X;") has a suitable basis Y Z;“*, then all X;'Xj_ are in C.
We show (i). The proof of (ii) is similar. Let Y be YY", a suitable basis of (Y'), and
let YZfme]‘?ZJZ?””ZJ‘?sz be a suitable basis of <YX1+XfXj_>. W.lo.g. Z " =X
We have to show that Z§*Z¢ = ). Otherwise let us first assume that Z{*Z$ # ()
and Z0Z5 # 0. Let Z§ be {t1 +wy, ... ,ti+w;}. Note that Y°Y? = (). By Lemma
5.1 8(({w1,... ,w }Z°*A)) < §(A), a contradiction to the 2m?2-selfsufficiency of A

in C'. Note that » < m.
There remains the case Z§Z0* = ). Then Y Z;** Z}“* Z+* is a suitable basis of

(YX{”'XJTW. A suitable basis of (YX;'> has the form YS;”S’;E. By Lemma 6.3
SF¢ = Z}¢ =10, and so (Y X{"X;F X) has a suitable basis YZf'b””Z;'“Zj_“Zj_e,
where X, = Z;** and X;r = Z;'cm. By Lemma 6.6 Y C C, and therefore Y C A.

Next we show Z; " = 0. We use {t1+w1,...,t+w} for Z; ¢, wheret; € B and
w; € C. Remember that X;” = Z* and X;' = ZJT"C””. By (S3) and (S1) we have
that (YX;’X{"Z;“Z;@ is a minimal extension of (YXJﬂ. |Z=Y| < r, since 0 < k.
If Z=°® # (), then by Lemma 5.1 (1) dim(N({{t1,... ,t;}X; A))) — dim(N(A)) >
|X{| +1=Fk+1. Tt follows that §(({t1,...,t;}X;7A)) < §(A), a contradiction to
the selfsufficiency of A in B.

We have shown that

VXXX
is a suitable basis. We write Y X" X7 X~ to indicate the nature of the single
parts. As above, by (S1) and (S3) (Y“Xfcwawaj_e} is a minimal extension of
(Y“Xj’cm>. By Lemma 5.1 (6) applied to (Y“X;rchf'b””Xj_ﬂ over (Y“X;FC:”> we
obtain
dim(N (X7 {t1,... ,t,_x}A))) — dim(N(A)) > 7.

Hence §((X;7""{t1,... ,t,_x}A)) < 8(A). Since B is a minimal extension of A,
equality follows, and (X;7*"{t1,... ,t,_x}A) = B.

Let us consider the free generators ®7,... &7 of N((Y°X{%*X X)) over
N((Y*X;*®)) given by (S1). By Lemma 4.3 there are J; € A%A such that & =
¢ — db, ® + J; € N(B), and ®§ + J; € N(C), where

Pl = Z al(zf ANxl) + Z (yi Ap) + Z (i A —ti—),

1<t<s<k 1<t<k k<t<r
o= D ol @l aa)+ D wineD)+ D (Wi Aw).
1<t<s<k 1<t<k k<t<r
Note that
ziH =1t + w.
Since ®J,... ®J are linearly independent over N((Y*X; bm))z every non-trivial

linear combination of them contains some basic commutator =] A x4 or a A x] or
aAts for some a € Y. Hence this linear combination also contains z; Azl or a Az}
or a A wg respectively. Therefore ®§ + Ji,...,®¢ + J, are linearly independent
over A2A and ®% + J;,...,®% + J,. are linearly independent over A2A. Since B =
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(X {1, stk YA) and §(B) = §(A), ®C+J1, ... , ®E+J, freely generate N (B)
over N(A). Since A is 2m2-selfsufficient in C, we obtain that ®,... , ®¢ freely
generate N((X§*{w,... ,wr_x}A) over N(A). Hence f(zj) =z} for 1 <i <k,
ft;) = —w; for 1 <i <r—k, and f(a) = a for a € A induces an isomorphism
of B into C that is the identity on A and can be extended to the corresponding
structures in §. This contradicts the assumption of the lemma, that B is not
realized in C. O

Proof of Lemma 6.4. Let Y X{" X7 X5 ... X;"X,” be a reduced k-sequence in D
with r,|Y| 4+ k < m. Assume Y is a suitable basis of (V).

Case 1. k > 0 and there exists some j such that (YXJﬂ NC ={Y)NnC. By (S3)
we can assume w.l.o.g. that j = 1.

Case 1.1. There exists an i such that 2 <i < h, (Y X/ X, X )nC = (Y X" )nC.

By Lemma 6.6 Y C B. By (S2) we can assume w.l.o.g. that ¢ = 2. By
the assumption we have (Y X;F)NC = (Y)NC and (Y XX )nC = (Y X )nC.
Lemma 6.3 implies (Y X;F) = (Y)+((Y X{")NB). Using Y C B we get (Y X]") C B.
Then (YX;F) NC = (Y) N C implies (YX; )N A= (Y)N A. Hence by Lemma 6.7
all Xj'Xj_ C B. The assertion follows from (¥4)™ for B.

Case 1.2. There exists an i such that 2 < i < h, and (Y X X X, )nB = (Y X{")n
B.

By Lemma 6.6 Y C C. By (S2) we can assume w.l.o.g. that i = 2. By the
assumptions we have (YX;)NC = (Y)NC, and (YX XS )N B = (YX;)nB.
Note that this implies (Y X;5) N B = (Y) N B. Lemma 6.3 implies (Y X, ) =
(Y)+((YX5)NC). Using Y C C we get (Y X5 ) C C. Since (YXS)NB = (Y)NB
we get (Y X )N A= (V)N A. By (S3) we can exchange X;  and X, . Hence by
Lemma 6.7 we get X, C C, a contradiction to the general assumption of Case 1.

Case 1.3. For all i with 2 <i < h we have (YX; X" X; )N C # (YX{) N C and
(YXFXFX7)n B # (YXF)N B.

In this case the assertion follows from Lemma 6.5.
Case 2. The roles of B and C' are exchanged in Case 1.
The proof is completely symmetric.

Case 3. k > 0 and for every j with 1 < 57 < h we have neither (YX;’}QC’ ={)nC
nor (YX;/)NB = (Y)NB.

We get (YXT X X7 )NC#(YX)NC and (YXT XX )NB# (YX{)NB.
The assertion follows from Lemma 6.5.

Case 4. k = 0 and for every j with 2 < j < h we have neither (Y X;)NC = (Y)NC
nor (YX;)NB=(Y)NB.

In this case the assertion follows immediately from Lemma 6.5.

Case 5. k = 0 and there is some j with 2 < j < h such that (Y X;)NC =(Y)NC.
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In this case (Y X;") has a suitable basis YS§?$S;. By Lemma 6.6 Y C B. By (52)
w.lo.g. j =2. Let Y.S#S*S¢S¢ be a suitable basis of (Y X;") for 2 <i < h. Since
Y4 = () there is no Sfy. Let S¢ be {t1 +w1,...,t;+w}, where ¢1,... ¢ are in B,
w1, ..., w; arein C, and t1,... ,t;,wy,... ,w; are linearly independent over A. First
assume Y # ). If S¢8%* = (), then Y C C by Lemma 6.6, a contradiction to Y # §.
Hence S¢SP £ ). If S¢*S¢ # (), then dim(N ((S¢%{wy, ... ,w;}A))) —dim(N(4)) >
|S¢*| 4+ 1 by Lemma 5.1. Therefore §((S£*{wy, ... ,wi}A)) < §(A4), a contradiction
to the 2m?2-selfsufficiency of A in C. Note that r < m. We have shown that
S¢rS¢ = () for every 4. Hence all X, are in B. The assertion follows from (¥X4)™
for B.

There remains the case Y = Y* C A. A suitable basis V'S¢ for some (Y X) is
impossible. In this case we could assume X, = S¢ by (S4) and apply Lemma 4.4 to
the situation described in (S1). We would get a contradiction to §((Y)) = 6((Y X))
Then by Lemma 5.2 every X, is in B. The assertion follows from (¥4)™ for B.

Case 6. k = 0 and there is some j with 2 < j < h such that (Y X;)NB = (Y)NB.
A similar proof as for Case 5 works. O

Lemma 6.8. Assume A, B, and C are finite structures in S that satisfy (X3)
and (X4). Furthermore A is a common substructure of B and C, B is a minimal
extension of A that is not realized in C, and A is n-selfsufficient in C, where
n > 2(2dim(B) + 1)%. Let D be B4 C.

Then C is selfsufficient in D, B is n-selfsufficient in D, and D satisfies (X3)
and (X4).
Proof. By Theorem 4.1 we have everything except (34) for D. Note that

2(2dim(B) + 1)? > dim(B/A) + 2.

By Lemma 6.4 we obtain ($4)2¢™(B)+1 That means for every reduced k-sequence
with |Y] + k,r < 2dim(B) we have h < 2maz{r,|Y|+ k} + 1.

Now we consider reduced k-sequences Y X;" X7 X5 ... X;F X~ with r > 2dim(B)
or |[Y|+ k> 2dim(B). Assume that Y is a suitable basis of (Y'). We choose

__ r7arzb bx r7cx r7e
Z; = 2020 20 257 2

such that YZ;...Z), gives us a suitable basis for (Y XX X5 ... X;" X, ) that
respects (Y), (YX{),..., (YX{ XX, ... X;F X, ).

If h < 2dim(B) + 1, then (24) is fulfilled by this sequence. In the case h >
2dim(B) + 1 we will show that the whole reduced k-sequence is contained in C' and
the assertion follows from (34) for C.

If h > 2dim(B)+1, then there are different jo, j; with 1 < jo < j1 < 2dim(B)+2,
such that

(YXFXSXy . XPX)nB=(YX{ XXy ... X} X, )NB
and
(YXIXS Xy . X)X )nB=(YXI XXy ... X X, )nB.

After an appropriate application of (S2) and (S3) we can assume that jo = 1 and
j1=2. Then (YX;)NB=(Y)NBand (Y X" X;X;)NB = (YX;")N B. Hence
by Lemma 6.6 Y C C. Furthermore, (Y X;"X;) N B = (Y) N B. By Lemma 6.3
(YXTXH) = (V) + (Y X{ X5 )NC). The last two equations imply that (Y X" X5)
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has a suitable basis Y Z;7““ZF“* C C, where Y Z;7“* is a suitable basis of (Y X;").
Now we know that Y C C and Z; = Z1+C””. Choose j minimal such that Z; ¢ C.
Then YS;“*Z,... Z; is a suitable basis of (Y X" X X5 ... X7 X). Let Z; be
74257 7 Z5. Note that Z;’y =0 and Z}*Z§ # 0, by the choice of j.

First assume Z¢Z¢* # (). Note that dim(B) < r implies Z§* # (. By Lemma
5.1 (1) we obtain dim(N ((Zb"{t1,...1;}A))) — dim(N(A)) > | Z2*| + 1, where Z§ =
{t1+w1,... ,ti+w;} and Z;?I{tl, ..., t;} C B is linearly independent over A. Then
6((Z2"{t1,... ,ti}A)) < 6(A), a contradiction to the selfsufficiency of A in B.

If Z¢Z¢* = (), then r < dim(B). Hence by the assumption [Y| + k > 2dim(B).
Since k < r < dim(B), we get |Y| > dim(B) and therefore Y¢ # (). On the other
hand, by Lemma 6.6 we have Y C B, a contradiction to Y¢ # (). We have shown
that all X J+ X, are in C. The assertion follows from (¥4) for C. O

The final theorem summarizes the efforts of this section and formulates the result
for further applications.

Theorem 6.9 (Second Amalgamation Theorem). Assume that A, B, and C are
finite structures in S that satisfy (X3) and (X4). Suppose that A is a common sub-
structure of B and C, A is selfsufficient in B, and A is (dim(B/A)+n)-selfsufficient
in C, where n > 2(2dim(B) + 1)2.

Then there exists an amalgam D of B and C' over A such that D fulfills (£3) and
(X4), C is selfsufficient in D, and B is n-selfsufficient in D. If A is selfsufficient
in C, then B is selfsufficient in D.

Proof. We decompose B into a nonrefinable tower A = By C By C ... C B,_1 C
B,, = B of subspaces such that each B; is selfsufficient in B.

First we assume that we have shown the assertion for all cases where n = 1.
We prove the theorem by induction on n. By induction hypothesis there exists an
amalgam D,,_; of B,_1 and C over A such that D,,_; satisfies (X3) and (X4), C' is
selfsufficient in D;_1, and B,,_1 is (dim(B,,/B,,—1) + n)-selfsufficient in D,,_;. Now
we apply the assertion for the case n = 1 to the following situation: B,,_1 plays the
role of A, B plays the role of B, and D,,_; plays the role of C. The D we obtain
has the desired properties. C' is selfsufficient in D by Lemma 3.10.

Now we consider the case n = 1. Then §(A4) < §(B) < 6(A)+1. If 6(A) = 6(B),
then B is a minimal extension of A. If there is a realization BT of B in C over A,
then take D = C. The assertion follows. Note that B is n-selfsufficient in C, since
6(B) = 6(A) and A is (dim(B/A) + n)-selfsufficient in C. If there is no realization
of B in C, then we apply Lemma 6.8.

There remains the case §(B) = 6§(A) + 1. Then dim(B) = dim(A) + 1. Again
we take D as B x4 C. By Theorem 4.1 we have (X3) for D, selfsufficiency of C' in
D, and n-selfsufficiency of B in D. We show (X4). Note that for every b € B\ A
we obtain (A{b}) = B. Furthermore, D = (C{b}) for every b € D\ C. Let
YX{F XS X5 ... X;F X, be a reduced k-sequence in D. Our aim is to prove that
the sequence lies completely in C. Then (X4) for C implies (X4) for D. If Y Z C,
then in (S1) there is some

®f € N((YX{ X537 X5)) \ N(Y X))
such that y! ¢ C for some t. By (S4) we can consider a suitable basis {y:}Y°Z;Z,
in D, where {y{}Y? =Y and Y°, 7,2, C C, X{” C ({¢i}Z1), and XS X5 = Zs.
If we represent ®? with respect to this basis, we obtain a non-vanishing summand
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(yi A x?) or (y! A 22). This is the only occurrence of this basic commutator. We
obtain a contradiction, since in D no element of D \ C' is involved in a relation.
The same argument works for Y C C and xZ ¢ C or zi ¢ C for some i and j.
If 2/ ¢ C, then by (S3) and (S4) w.lo.g. j =i = 1. Let Y{z}}Z1Z, be a basis
of (YX;F XX, ), where Z1,7Z> C C, and Y{z}}Z; is a basis of (Y X{1). By (S4)
w.lo.g. {z1}Z1 = X; . In (S1) there exists some ®? with o, # 0 for some s. If we
rewrite ®? with respect to the basis above, then it contains x1 A x! exactly once
with the coeflicient ais. Again we have a contradiction. If Y C C and all X j’ cC,
but 2/ & C, then by (S2) and (S4) wlo.g j=2,i=k+1, and 2y, € C for
2 <1< r—k Choose ® with y; , # 0. Then the representation of ®? with
respect to Y X" X5 X contains yi,, A 27, exactly once. Since we can assume
that y; ., € Y, we obtain the desired contradiction. O

7. CONSTRUCTION OF THE GROUP

We now come back to our category of groups, that is to the category G. Let H
be a subgroup of G, with G, H € G. Then we say that H is selfsufficient in G if
this is true for the corresponding structures in S.

Now let ¥ be the following elementary theory formulated in the pure group
language. Let G be any model of 3 and let M be the corresponding structure in
S. (We still have to show its existence.) The axioms of ¥ express the following:

(X1): G is anilpotent group of class 2 and of exponent p > 2. p is a fixed prime.

(22): Vo & Z(G)Vz € Z(G)Fy([z,y] = 2).

(23): For every finite subspace H of the corresponding S-structure M we have
6(H) =dim(H) if dim(H) < 3 and §(H) > 3 otherwise.

(34): For every reduced k-sequence Y X;" X7 X5 ... X;" X, in the correspond-
ing structure M of S we have h < 2max(k + |Y|,| X5 | + |X5|) + 1.

(X5): Let A and B be finite S-structures that satisfy (33) and (34). Suppose
that A is selfsufficient in B and (dim(B/A) + n)-selfsufficient in M, where
n > 2(2dim(B)+1)2. Then there exists an embedding of B in M that extends
the embedding of A in M, such that the image of B is n-selfsufficient in G.

Note that axioms (X3)-(X5) are to be expressed in the language of groups, but
refer to the properties of the corresponding structure M in the category S. Using the
Second Amalgamation Theorem, we will prove the consistency, the completeness,
and the uncountable categoricity of X.

Lemma 7.1. Assume that M is in S with the properties (33) and (34). Let g be

in M and b € A2M be such that there is no h in M with (gAh)—b € N(M). Define

M in the following way: M+ = {(a) ® M and N(M*)={(gAa)—0b) & N(M)
Then M is selfsufficient in M, and M™ satisfies (23) and (34).

Proof. We obtain §(M) = §(M ™) by construction. Therefore M is selfsufficient in
M. From the assumption that (g A z) —b € N(M) has no solution it follows that
6(M) > 3.

Next we show (23). Let K C M*. If K C M, then we are done. Therefore
suppose that K € M. Let K; be K N M. Note that M™ can be defined using
any a + h, where h € M, and the relation (g A (a + h)) — (b + (g A h)) instead
of (g Ana)—b. Also (gAz)—(b+ (gAh)) € N(M) has no solution in M. Now
O(K) = 6(K1) +1—dim(N(K)/N(K1)). By definition dim(N(K)/N(K;)) < 1. If
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dim(K7) > 3, then the assertion follows. If dim(K;) < 2, then dim(N(K;)) =0
and the only possibility to obtain a relation in N(K) is the following: As noted
above, wlo.g. K = (a,g1,92), where g1,g2 € M and are linearly independent.
Then w.l.o.g. g1 = g. A relation would have the form (g A a) — (g Arga2) € N(K).
This would imply a solution of (g Ax) —b € N(M), a contradiction. (X3) is shown.

To show (24) let YX;" X X5 ... X;" X,  be a reduced k-sequence that is not
completely in M. Note that » = 1 is impossible, since by (£3) relations of the form
y A z do not exist.

First we assume that Y ¢ M. Then w.lo.g. a €Y, and Y \ {a} C M. We fix
some j with 2 < 5 < h and consider the @g’s in (S1):

> okl (@aa) - @iazh)+ 3 wiaG—a)+ Y WAz
1<s<t<k 1<t<k k<t<r

After the application of an appropriate well-tolerated automorphism we can assume
that X C M. Since all of ¥ must be used in (S1), there is some i; such that y,” # 0

for some ¢ with the property that yij involves a in its representation as a linear
combination over Y. Now we rewrite @gj with respect to a basis Y Z;" X j’ Z;, where
Zf'X;'Zj_ C M,z is a basis of (X;") modulo ({a}), and Z; is a basis of (X;)
modulo ({a}). Then fI)ZJ-j = (a Au;) + (@ Avj) + w;, where uj # 0, u; € <X;ij_>,
v; € (Y \{a}Z{), and w; € A2((Y \ {a})Zf'Xj'Z;). Then u; # 0, uj +v; # 0,
and @fj_ has to be a free generator of N(M™) over N(M). That means @fj_ is of
the form r(a A g) — b1, where 0 < r < p and by € A2M. Tt follows that h < 2, since
it is not possible that us 4+ va, us + vz € (g).

Now we can assume that Y C M. Next we consider the case X j’ C M for some j.
By (S3) w.l.o.g. X;¥ € M. The case k = 0 is included. By assumption and by (S2)
w.lo.g. Xo & M. We replace X5 by a basis aW such that (X3) = (aW) and W C
M. Since (Y X; X5) is a minimal extension of (Y X;") and |Xz| = r > 1, there are
®? ,®? € N((YX{ X5)) linearly independent over N ((Y X;*W)). This contradicts
the assumption that N (M) is generated by a single relation over N (M).

Finally, we assume Y C M but all X;’ & M. We consider j > 1. Using (S4), we
can suppose w.l.o.g. that le = a and :1:%, . ,xfﬂ € M. Then there is some ¢; such
that o/fs # 0 for some s in @gj. Hence @gj contains a basic commutator a A 4 if
we rewrite @gj with respect to a basis YZf'X;' Z; where 7 = XiF modulo (a) and
Z; = X; modulo (a). Hence @gj ¢NYXIXSXy ... X X7 )+ N(M). Then
@7, and ®?, are linearly independent over N(M). Hence h < 2, as desired. O

K3

Let F5(p, k) be the free group in the variety of all nilpotent groups of class two
and with exponent p that has k-many free generators. Let F'(3) be the S-structure
that corresponds to Fa(p, 3).

Corollary 7.2. There are infinitely many finite extensions B; of A = F(3) such
that B; satisfies (£3) and (X4), A is selfsufficient in B;, and §(A) = 6(B;) = 3.

Proof. Let ay, a2, as be three free generators of A. Define By as M ™ in Lemma 7.1

using the relation [ag, 2] = [a1, az]. Let aq be the solution in B;. To get Bz we use
By and [a4, ] = [a2,a3]. Let a5 be the solution in By. In general B, is constructed
from B;_1 and [a;2, x| = [ai, a;+1] with a solution a;43. The assertion follows from

Lemma 7.1. O
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Note. Let G be any group that satisfies (¥1), (¥2)*, and (£3). If A is a subspace

of G of linear dimension 3, then A is selfsufficient in G and A generates a subgroup
isomorphic to F»(p, 3).

Lemma 7.3. X is consistent.

Proof. We construct an S-structure M that fulfills (33), (X4), and (X5). Let G be
the corresponding group in G. First we show that G fulfills (X2). We assume that
(¥2) is not true in G. Then there are g in M and b in A2M such that g Az = b has
no solution in M. Let A be a finite selfsufficient substructure of M that contains g
and b. Of course A fulfills (X3) and (34). By Lemma 7.1 there is a finite minimal
extension B of A such that B fulfills (¥3) and (34), and there exists some a in B
with g Aa = b. By axiom (X5) we can find B and therefore a in M, a contradiction
to the assumption.

Let (X5)’ be the following consequence of (X5) in an w-saturated model G of X.
Let M be the corresponding S-structure:

(X5)": Let A and B be finite S-structures that fulfill (X£3) and (24). Let A be
selfsufficient in B. If A is selfsufficient in M, then there exists a selfsufficient
embedding of B in M that extends the embedding of A in M.

Note that (35)" is not elementary. Next we show that every M that satisfies
(X3), (X4), and (X5)" fulfills (X5) also. To prove (X5) let A be selfsufficient in
B. Furthermore let A be a (dim(B/A) + n)-selfsufficient substructure of M, where
n > 2(2dim(B)+1)2. Let C be the finite subspace C'SS(A) of M. By Theorem 6.9
there is an amalgam D of B and C over A such that C is selfsufficient in D and B
is n-selfsufficient in D. If D plays the role of B and C' the role of A in (X5)’, then
we have a selfsufficient embedding of D in M, that extends the embedding of C' in
M. This gives the desired embedding of B in M with n-selfsufficiency.

To get the desired model G of ¥ we show that there is an S-structure M with
the properties (£3), (£4) and (X5)’. We construct M by successive amalgamation
(Theorem 6.9). This is the usual procedure. Let {A; C B; : i < w} be an enu-
meration of all pairs of finite structures in & with (X3) and (24) such that A; is
selfsufficient in B;, and dim(B;) < dim(B;) for i < j. By Corollary 7.2 there are
infinitely many such pairs. Note that in any M with (X3) every substructure gen-
erated by three elements is selfsufficient . Let Cy be F'(3). If Cj_; is constructed
with (23) and (X4), then consider all pairs A; C B; with dim(B;) < j + 2. Define
Dy = C;_1. If D;_y is constructed with the properties (£3), (X4), and C;_; is
selfsufficient in D;_1, then D; is defined in the following way. Let Al,... , A% be
a list of all copies of A; that are selfsufficient in C;_;. They are also selfsufficient
in D;_1. We apply Theorem 6.9 and obtain the amalgam DZ-1 of D;_1 and B; over
A} that again fulfills (¥3) and ($4). D;_; is selfsufficient in D}. The selfsufficient
image A} of A; in D;_; can be extended to a selfsufficient embedding of B; into
D}. In the next step we apply Theorem 6.9 to D} and B; over A?. We get D?
with (23) and (X4) such that D} is selfsufficient in D? and there is a selfsufficient
embedding of B; in D? over A?. We iterate the argument and obtain D; as Dj.
Then we start to work with A;11 C B;y1, if dim(B;+1) < j+ 2. If we continue in
this way for all pairs A; C By with dim(B;) < j + 2, then we obtain Cj;. It is finite
and has the properties (X3) and (¥4). C;_1 is selfsufficient in C;. For every pair
A; C B; with dim(B;) < j+ 2 and for every selfsufficient copy of 4; in C;_; there
is a selfsufficient embedding of B; in C; that continues the embedding of A;. Then
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U i<w C; is the desired S-structure such that the corresponding group is a model
of 3. |

Lemma 7.4. X is complete.

Proof. Let G1 and G2 be two w-saturated models of ¥. Let M; be the S-structure
corresponding to G; (i = 1,2). We use a; and b; to denote sequences in G; and G
respectively. We assume that the elements of these sequences are linearly indepen-
dent over the center. Let @; and b; be the corresponding sequences in M; and Moy
respectively. We show that player II has a winning strategy in the infinitely long
Ehrenfeucht-Fraissé game. Let ag be a sequence that contains one element ¢y of
G1\ Z(G1), and by a sequence that contains one element dy in G \ Z(G2). (ag)
and (bg) are selfsufficient in G; and G5 respectively, and there is an isomorphism
fo of these two subgroups with fo(ag) = by. After the (i — 1) round there are
sequences a;—1 in G1 and b;—; in G5 of linearly independent elements modulo Z
and a map f;_1 corresponding to the choice of the players that can be extended
to an isomorphism of the subgroups generated by a;_1 and b;_1 respectively. We
require furthermore that (a;—1) and (b;_1) are selfsufficient in G and G4 respec-
tively. Note that it is very important that the players can choose all elements
linearly independent modulo Z. Now we describe the strategy of player II in the
it" round. Assume w.l.o.g. that player I has chosen ¢; in G;. W.lo.g. ¢; is not an
element of the subgroup generated by a;_1. If ¢; is not linearly independent from
a;—1 modulo Z, then we can assume that ¢; € Z(G1). By axiom (32) there is some
e; such that [co, e;] = ¢;. Then e; is linearly independent from a;_; modulo Z, since
otherwise ¢; is in the subgroup generated by a;_1. In this case player II can assume
that e; was chosen. So w.l.o.g. we can suppose that ¢; is linearly independent from
a;—1 modulo Z. Let a; be a sequence of elements linearly independent modulo Z
extending a;_1c; such that its image in G is a basis of CSS({(@;_1¢;)). Player I
considers (a;)\ {(a;—1) as the sequence of new elements chosen by player I. He applies
axiom (X5) to Ma, where (a;—1) plays the role of A and (a;) plays the role of B.
For every sufficiently large n he gets an n-selfsufficient embedding f; of (a@;) into
My, where f; extends the isomorphism of (@;—7) onto (b;_;) induced by f;_;. By
Lemma 3.2 we can lift f; to an isomorphism f; of (a;) into G2 that extends f;_1.
By the w-saturation of G5 we can find f; in such a way that (f;(a;)) is selfsufficient
in Gy3. We have the desired properties if we denote f(a;) by b; in an appropriate
way. O

If {ag) and (by) in the proof above are any isomorphic selfsufficient subgroups
with (¥2)", then the same proof works. If A and B are isomorphic selfsufficient
subgroups of the same model G of ¥, then we can extend G to an w-saturated
elementary extension G; = G2 = GT. Then A and B are selfsufficient in GT too.
We have:

Lemma 7.5. If A and B are isomorphic finite selfsufficient subgroups of a model
of ¥ that satisfy (32)", then they have the same elementary type over the empty
set. O

To prove the uncountable categoricity of ¥ we show that for every model G the
geometrical closure ¢l and the algebraic closure acl coincide in G. It was to ensure
this that the axiom (X4) was introduced and the Second Amalgamation Theorem
was proved.
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Lemma 7.6. Let G be a model of ¥. Let A be a finite subgroup of G with the
property (X2)”. Let A be its image in G.

(i) For all a in G we have a € acl(A) if and only ifa€ cl(A).
(ii) For all elements a and b in G whose images in G are not in acl(A), we obtain

t(a/A) = t(b/A).

Proof. Since CSS(A) C acl(A) we can assume that A is selfsufficient in G.

ad(i). («). There is a non-refinable tower A = By C By C By... C B, =
CSS((A{a})) such that B; ; is a minimal extension of B; for all 0 < i < n — 1.
It is sufficient to show that B;y1 C acl(B;) for all these i. Otherwise there are
inﬁnitely many realizations of the minimal extension B;y; over B;. Note that
all B; are selfsufficient in G. Therefore by Lemma 5.3 there are infinitely many
realizations of the minimal extension Bz+1 over B;, that are in free composition
over B;. This is impossible by (34), as mentioned in Lemma 6.2 4).

(—). Ifa¢g cl( ), then d((A{a}>) d(A) and by Lemma 3.8 d((A{a})) =
d(A) + 1. Since A is selfsufficient in G, we have that (A{a}> is selfsufficient in
G. If d(A) < 2, then every ¢ ¢ A is isomorphic to a over A with respect to the
full group structure. By Lemma 7.5, t(a/A) = t(c/A). Therefore a ¢ acl(A). If
d(A) > 3, then by Corollary 7.2 cl(A) is infinite. For each ¢ € cl(A) we have
d({A{a+ c})) = d(A) + 1. Then a + c is isomorphic to a over A with respect to
the full group structure, and (A{a + c}) and (A{a}) are selfsufficient in G. By
Lemma 7.5 again t(a + ¢/A) = t(a/A) for infinitely many c. We obtain a ¢ acl(A),
as desired.

ad(ii).  As above we have A selfsufficient in G. By (i), d((A{a})) = d(A) + 1
and d((A{b})) = d(A) + 1. Tt follows that a and b are isomorphic over A. By
Lemma 7.5 we obtain the assertion. (]

Theorem 7.7. X is uncountably categorical. If G is a model of X, then G/Z(G)
and Z(G) are strongly minimal. ¥ has Morley rank 2. % is not countably categor-
ical. ¥ has a non-locally-modular geometry.

Proof. We consider ¥. By Lemmas 7.3 and 7.4, ¥ is consistent and complete. By
Corollary 7.2 and Lemma 7.6, acl({a,b,c}) is infinite for elements a, b, ¢ that are
linearly independent over Z(G). It follows that ¥ is not countably categorical.
To show the uncountable categoricity let G be any model of ¥ embedded in the
monster model C. Let a € C\ G. If ah™! € Z(C) for some h € G and g is any
element of G not in Z(G), then by (X2) there exists ¢ € C\ G + Z(C) such that
ah™! = [g,c]. Therefore every t(a/G) with a formula Z(xh~1) is algebraic over a
type t(c/G) with =Z(xh~1) for all h € G. By Lemma 7.6 there exists only one non-
algebraic type t(a/G) with —=Z(zh™1) for all h € G. The uncountable categoricity
of T follows. Furthermore, G/Z(G) is strongly minimal by Lemma 7.6. By (£2)
and (X3), for any g € G\ Z(G) the map [g,x] is one-to-one from G/(Z(G) U {g})
onto Z(G). Hence Z(G) is strongly minimal. Since for uncountably categorical
theories Morley rank and Lascar rank coincide, we obtain Morley rank 2 for X
by the Berline-Lascar inequalities for the Lascar rank of groups. By [13] X has a
non-locally-modular geometry, since the models of ¥ are not Abelian by finite. It
is easy to prove this directly. O
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8. CM-TRIVIALITY

Let ¥ be the theory constructed above. In this section we prove the non-
interpretability of a field in 3. The first proof of this result was based on the
investigation of the group-configuration of a group interpreted in . It was shown
that such a group has to be nilpotent by finite and of bounded exponent. (See
[6], section 7.) Here we prove CM-triviality of X, following a suggestion of E.
Hrushovski and A. Pillay. This geometrical property of a stable theory implies the
non-interpretability of a field. Hence 3 does not allow the interpretation of a field,
as desired. Furthermore, Pillay [21] has shown that it is impossible to interpret a
simple group in an w-stable theory of finite Morley rank with CM-triviality. Hence
no simple group is interpretable in . By Theorem 2.1 we also obtain that every
group interpretable in ¥ is nilpotent by finite, and of bounded exponent up to an
Abelian direct summand.

CM-triviality was introduced by E. Hrushovski in [12]. A stable theory T is
CM-trivial if the following three equivalent conditions concerning 7°°? are fulfilled.

(CMT1): Suppose that By, Be, and E are algebraically closed, By and Bs are
independent over E, acl(ByBs) Nacl(EB;) = B;, and B, E = A. Then B;
and By are independent over A.

(CMT?2): If E is algebraically closed and C; and C5 are independent over F,
then C; and Cj are independent over acl(C1C2) N E.

(CMT3): Let A and B be algebraically closed. Assume acl(Ac)NB = A. Then
Cb(c/A) C acl(Cb(c/B)).

A 1-based theory is CM-trivial. E. Hrushovski’s new strongly minimal theory is
CM-trivial but not 1-based. (For all of the above see [12].) If T, is the theory of a
model of T with constants for some fixed finite sequence ¢, then T" is CM-trivial iff
T. is CM-trivial, as mentioned by A. Pillay in [21]. Furthermore he mentioned in
that paper that it is sufficient to replace (CMT3) by the following;:

(CMT3): Let ¢ be a tuple in the monster model C of T. Assume that M < N
are elementary submodels of C with acl(cM)NN = M. Then Cb(tp(c/M)) C
acl(Cb(tp(c/N))).

Let G be any model of ¥. Let a1, a2, and as be three elements in G that are
linearly independent over Z(G). Let ¥* be the elementary theory of (G; a1, a2, as)
with constants for the three fixed elements. Note that ¥* is independent from the
choice of G and the elements a1, ag, as, because of axiom (33) and Lemma 7.5. Let
* be the elementary theory of the vector space G with the fixed elements a;/Z,
az/Z, az/Z and the relation R(x,y,z) defined by [a1/Z,z] = [y, 2], where [, ] is
the alternating bilinear map on G x G into Z(G) given by the commutator. Let T’
be this interpretation of £* in ¥*.

Lemma 8.1. There is an interpretation A of ¥* in %* such that every model
(Gia1,a2,a3) of X* is isomorphic to A(I'(G;a1,a2,a3)) and for every model M
of ¥* there is an isomorphism between M and T'(A(M)) definable in M®1.

Proof. Let (G;aq,az2,a3) be a model of ¥* and let Bg be the corresponding alter-
nating bilinear map in B of G x G into Z(G) with three fixed constants. By (X2)
and (¥3), [a1/Z, ] defines a vector space isomorphism of G/{a1/Z) onto Z(G).
Hence R(z,y,z) gives an interpretation of Bg in I'(G). To prove the assertion
we define an interpretation of G in Bg. We write the vector spaces G and Z(G)
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additively as above. Starting with Bg we define in Bg a group G isomorphic to
G. G* consists of all tuples (a,x) with @ € G and 2 € Z(G). The multiplication is
given by (a,x) o (b,y) = (a +b,x + y + [a,b]). Tt is easily seen that this defines a
group. (0,0) is the unit and (—a, —x) is the inverse element of (a, z). Furthermore
[(a, ), (b,y)] = (0,2[a,b]). GT fulfills (X1) and (X2)*. If go, g1, g2, - - . is a basis of

G, then the images of (go,0), (91,0), (g2,0),... in G form a basis of G . A linear
combination of commutators over gg, g1, g2, . . . is 0 if and only if the corresponding
linear combination of commutators over (go,0), (g1,0), (g2,0),... is 0. By Lemma
3.1 G and G are isomorphic, as desired. The definition of G* in I'(G) gives the
desired interpretation A. O

By Lemma 8.1 we have that YX* is the theory of the full structure definable on
G in (G;a1,a9,a3).

Now we consider a model I'(G) of ¥* living in a model G of ¥* via the given
interpretation. We do not mention the fixed three elements, but we will need them
later. We get that £ is strongly minimal. Furthermore an automorphism y of
I'(G) corresponds to an automorphism of the alternating bilinear map B¢ living
in G. By Lemma 3.1 we can extend x to an automorphism of G. Hence T is an
interpretation without new information in the sense of [3]. As shown in [4], forking
for subsets of I'(G) does not depend on whether we consider them in X* or in X*.

Since we have fixed three linearly independent elements in every model M of
Y% acl(P) is infinite in M (in the real sort!). As mentioned by A. Pillay in [26], a
strongly minimal theory with this property allows weak elimination of imaginaries.
This notion was introduced by B. Poizat in [25]. We will use this property to
prove CM-triviality of ¥*. First we will show that CM-triviality of ¥* will imply
CM-triviality of X. For this we will use the third form of the definition.

Lemma 8.2. If ¥* is CM-trivial, then ¥ is CM-trivial.

Proof. Assume that ¥* is CM-trivial. We will show the CM-triviality of ¥*. Then
the C'M-triviality of ¥ follows, as mentioned above (see [21]). We use (CMTS3).
Assume that ¢ is a tuple in the monster model C of ¥*. Let G < H be elementary
submodels of C such that acl(cG) N H = G. We have to show that Cb(tp(c/G)) C
Cb(tp(c/H)). Since in a model of ¥* every tuple is interalgebraic with a tuple of
elements that are linearly independent over Z + ({a1, az,as}), we can assume that
the elements of ¢ are linearly independent over Z + ({a1, as,as}). Let us write I'(c)
for the image of ¢ in the monster model I'(C) of X*. Let I'(G) and I'(H) be the
elementary submodels of I'(C) that correspond to G and H respectively. Again
I'(G) < T'(H), and in T'(C) we have acl(I'(c)T'(G))NT'(H) = I'(G). (CMT3) for ©*
implies Cb(tp(T'(c)/T(GQ))) C acl(Cb(tp(T'(c)/T'(H)))) By the weak elimination of
imaginaries for ¥* we have finite subspaces Ag C A; of I'(C) such that 4y C I'(G)
is interalgebraic with Cb(tp(I'(¢)/T(G))) and A; C T'(H) is interalgebraic with
Cb(tp(T'(c)/T(H))). Now we consider Ag and A; as subspaces in the sort C/Z(C)
in C. We claim that Ay is interalgebraic with Cb(tp(c/G)) and A; is interalgebraic
with Cb(tp(c/H)). Then the assertion of the lemma follows. We consider the first
case. The second works in the same way.

Let K be any elementary extension of G and let ¢p(d/K) be the non-forking
extension of tp(c/G). We have to show that for all possible K and d above:

(i) Let II be the set of all automorphisms of the monster model C that fixes A
pointwise and K setwise. Then {tp(w(d)/K) : m € II} is finite.
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(ii) Let = be the set of all automorphisms & of the monster model C such that

tp((d)/K) = tp(d/K) and & fixes K setwise. Then {£(Ag) : & € E} is finite.

First we prove (i). If we restrict all # € II to I'(C), then {tp(n(I'(d))/T(K)) :

7w € II} is finite since Cb(tp(I'(c)/T(G))) C acl(Ag). Assume 7,72 € II and

tp(m1(D(d))/T(K)) = tp(m2(L(d))/T(K)). It remains to show that tp(m1(d)/K) =

tp(ma(d)/K). Let B be any finite subgroup of K with (X2)* that contains ai, as,
and az. In T'(C) we have an isomorphism 7 of

CSS((T(m1(d))) + T'(B)) onto CSS((I'(m2(d))) + T'(B))
that is the identity on
CSS(((m(d)) +T'(B)) NT(K) = CSS((T(m2(d))) + I'(B)) NT(K)
and that fulfills n(m (d)) = m2(d). By Lemma 7.5 we get
tp(mi(d)/ K) = tp(ma(d)/ K),

as desired.
(ii) follows immediately from the corresponding statement in I'(C). |

The following lemma is an essential part of the proof of the CM-triviality of 3*.

Lemma 8.3. Let A and B be finite S-structures that satisfy (X3), where B is a
manimal extension of A. Assume that by, ... , by, is a linear basis of B over A, and
that N(B) is freely generated over N(A) by relations A1, ..., A, of the following

form:
Z CL;— A bj + U,

1<j<n

where a§- € A and ¥; € A2A. Finally, assume that it is impossible to present N(B)
over N(A) as above without the use of nontrivial U;’s. Then (X4) for A implies
(34) for B.

Note first that we can replace by, ..., b, by any other basis of B over A. The
basis of N(B) over N(A) we get with respect to the new basis of B over A has
again the form described above and the new elements replacing the a 's generate
again the subspace ({aj : 1 <4,57 <n}) of A. Hence this subspace is uniquely
determined by B.

Proof. Let YX;" X5 X5 ... X,/ X, be a reduced k-system in B. If it is completely
in A, then we are done. Otherwise we choose a basis Y2Y? of (Y) such that (Y¢) =
(Y) N A. If there is some X" such that X;* C A modulo (Y), then w.l.o.g. we can
assume that ¢ = 1. Use (S3) and (S4). Using a well-tolerated automorphism we can
assume that X1+ = XX’ where Y%X? is a basis of (YX1+> NA. For 2 <i<h we
choose a basis V;U; of (YX;' X, Xy ... X" X)) over (YX{ X5 X5 ... X0 X))
such that V; C A and U; is linearly independent over (YX{*'X;'X{ .. .Xith;1> +
A. To prove the next claim we use the special form of the free generators of N(B)
over N(A).
(1) Assume k > 0. Then for 2 <i < h V; # 0.

Proof of (1). Assume V; = (). We consider the condition (S1). Then X; X is
part of a basis of B over A+ (YX;" XX, ... X;" X,~,). Since k > 0 there are
1 < s <t <k such that of,(z} A x%) occurs in ¢ in (S1), where o, # 0. But



3934 ANDREAS BAUDISCH

then it is impossible to get @f' as a linear combination of the A;’s above modulo
A2A. O

(2) Assume V; # () for 2 <i < h. Then (Y X;") ¢ A.

Proof of (2). We assume toward a contradiction that (Y X;) C A. Since the re-
duced k-sequence under consideration is not contained in A, there exists a minimal
ip such that 2 < ip < h and U,, # 0. Since (Y X;" X5 X, . ..X;gX%) is a minimal
extension of (Y X[ X5 Xy ... X;t_ [ X, ), Vi, # 0, and Uy, # 0, we get

10—1 10—1
dim(N((Y X{ X5 X5 ... X X))
— dim(N(Y X{ XS X5 . X X Vi) > [Usl.

But then §(A + (Uy,)) < 8(A), a contradiction to the minimality of B over A. O

The next assertion together with (1) implies the assertion of the lemma in the

case 0 < k.

(3) Assume that V; # 0 for 2 < i < h. Then h < |Y|+ k + 2, as desired.
Proof of (3). Assume |Y| 4+ k + 2 < h. Let n; = |U;|. We show by induction on 4
(for 2 <4 < h) that:

(*;) There are m; relations ©1,...,0,,, in N(YX{ XX, ... X;t X)) linearly

independent over N (A), where m; =y ;;(n; +1).

We prove the assertion for i + 1 (1 < ¢ < h). First assume U;+1 # 0. Since
(YXFXFX5 ... X1 X,) is aminimal extension of (Y X{" X X5 ... X;"X;") and
Vigr # 0, there are O 41, , Oman+1 € N(YXTXSXS X E X))
which are linearly independent over N((Y X;" X X5 ... X;" X V;;1)). Then

97711'4-17 s 7®mi+m+1+1
are linearly independent over
N{Y XXX XX Vi) + A2A,

since every nontrivial linear combination of them contains some u A x where u €
U;+1. The assertion follows.

If U; 11 = (), then by (2) we get again Y?X? # (). We will show that we can find
the desired ©,,,+1 in

NUYX{FXFXS X XD\ A (Y XXXy X X))+ APA
We work with the basis Y*Y* XX UsV5 ... U;ViViy1. We consider @57 in (S1):

Y al (@ AL = (2 Aal))

1<s<t<k
+ > WIA@T =)+ > A,
1<t<k k<t<r
By assumption X®X® = X1+. We can choose Vi1 = {v1,...,v,} C A in such a

way that xi“ = +c forl1 <t <kand zi“ = v + ¢ for k <t < r, where
c; € (YPX U, ... U;). First we assume Y # (). Let y be an element of Y?. We show
that there is some j such that the representation of <I>§-+1 with respect to the basis
Yoyt Xe X U,v, ... U;V;Vi41 contains a basic commutator y A v¢. Then <I>§-+1 ¢
A(YXTXFX5 ... X;FX[) + A%A and the assertion follows. First we assume that
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y occurs in the linear presentation of yf for some t > k. Then y A v; cannot vanish.
Now we assume that, for all 7, y only occurs in the presentation of yg with respect
to the basis Y = YY? if t < k. Then y{ zwgy—i—w{ forl<j<randl1<t<Ek,
where w! € (Y \ {y}) and y/ € (Y \ {y}) if k < t. For 1 <t < k we write
o = v + ey + dy, where v; € Viyq as above and d; € (Y°\ {y}) X°Us...U;).
If we rewrite <I>§-+1 with respect to the basis YX XU Vs ... U;V;Vit1, then the
coefficient of the basic commutator y A vy is

Z oyt — Z afger + 1

1<s<t t<s<k
If there is some j (1 < j < r) and some t (1 <t < k) such that this coefficient
is not 0, then @ & A2((YX[ X5 X, ... X,V X[7)) + A?A, as desired. If all these
coeflicients are 0, then we consider the following well-tolerated automorphism e:
e(zl) = al — ey for 1 <t <k, e(z}) = 2!, and e(a) = a for a € (V). If we rewrite
<I>§- with respect to the basis e(Y X7 X5 X5 ... X, X, ), then

o = Y oli((e(xl) Ae(a})) — (e(zh) Ae(xt)))

1<s<t<k
+ ) (Wl A(e(a}) —e@) + D (Wl Ae(2)).
1<t<k k<t<r

Since y! € (V' \ {y}) for k <t < h and w! € (Y \ {y}), we get (S1) with a smaller
Y, a contradiction to (S4).

If Yo = 0, then X" # () by (2). By assumption X° # () implies that X/, ¢ A
modulo (Y'). Hence there is some tg such that 1 < ¢ty < kand ¢, ¢ (Y). We fix some
win X°Us, ... ,U; that occurs in ¢;,. Then we apply a well-tolerated automorphism
to (X :H> such that u occurs exactly in ¢;,. That means we subtract suitable sx%jl
fr(_)m each xffl with t # tg and 1 <t < k. Then we choose some s and j with
oy, # 0 or al; # 0 respectively. It follows that uAv, will not vanish in @+ Hence
O e N(YXFXF Xy - X X))\ (R (Y X XF Xy . X X)) + A24).

Now we compute §(Y X;" X5 X5 ... X7 X, + A) — §(A):

dim(Y X XXy . XX+ A) — dim(A) = Y[+ X2+ Y ny
2<j<h
On the other hand by the induction above
dim(N((Y X XS Xy . XFX) + A) —dim(N(A) > (Y ny)+h— 1
2<j<h

Hence

S(YXFXSXy XFX,)+A) = 6(A) <|YP 4+ |1XP —h+1.
If h > |Y|+k+2, then this number is negative, a contradiction to the selfsufficiency
of A. |

Now (1) and (3) imply the assertion for the case 0 < k. We assume k = 0. If for
all 2 < j < h we have V; # ), then by (3) we obtain again the assertion. Hence we
can assume w.l.o.g. that Vo = (. Use (S2). We show that this is impossible. First
we have to prove:

(4) If k=0 and V5 =0, then Y C A.
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Vo = 0 implies that X5 is linearly independent over A. By (S1) the QJ? =
Zlqér(yf A 22) for 1 < j < r generate N((Y X;)) over N((Y)) freely. If some y]

(1 <t <r)isnotin A, then it is impossible to write ®% as a linear combination of
A1,..., A, modulo A?A. Hence (4) is shown. |

Now (4) implies that (Y X5 ) is a minimal extension of (Y') C A. Then ®3, ... , 2
are linearly independent over A2A. We have (AX;) = B and r = n. But in the

assumptions of the lemma we have excluded such a basis 7, ..., ®2 of N(B) over
N(A) that only uses basic commutators a; A b; where a; € A and b1,...,b, is a
basis of B over A. Hence we have the desired contradiction. O

Lemma 8.4. 3* is CM-trivial.

Proof. Let M be a saturated model of ¥*. Then Lemma 8.1 gives a model G of
¥* defined in M. G is saturated, and M is the induced structure on G. We also
use M to denote the corresponding S-structure. The following proof uses the fact
that M is strongly minimal, that acl = cl, and that independence in the sense of
forking is geometrical independence.
Assume B, Bs, A, and E are algebraically closed sets in M®1. Let B; be
acl(B;E). Furthermore assume that the following conditions are fulfilled:
i) acl(Bl +By)N E = B;.
ii) BNE=A.
iii) B; and Bs are independent over E.
We have to show that B; and B, are independent over A.
Since ¥* has weak elimination of imaginaries, every algebraically closed set is

the algebraic closure of an algebraically closed set in the real sort. Hence we can
work in the model M instead of M®!. By iii)

By + By = By xg By
and B; + B is selfsufficient in M.

Since B1NBy = E we obtain BiNBy C E. Hence B;NE = A implies BiNBy = A.
It is sufficient to show that B; + By is selfsufficient and

By + By = B %4 Bs.
W.lLo.g. we assume that all sets considered have finite geometrical dimension.

(5) Bi + Bs is selfsufficient .

Indeed, we know that (By + Bs) N acl(B; + Bo) is selfsufficient. Hence we can
work in this selfsufficient subspace. If By + Bs was not selfsufficient, then there
would exist an extension D of By + By such that

the linear dimension of D over (B; + Bs) is finite,
D C acl(B;1 + B2) N (B + Bs), and
6(D) < §(B1 + Ba).

Since acl(B+B2)NB; = B;, D has a linear basis {u1+v1, ... ,u,+v, } over By+ B,
where uq, ... ,u, € By are linearly independent over B; + FE and vq,...,v, € Bsy
are linearly independent over By + E (Lemma 4.2).

Since 6(D) < 6(B1 + Bz), there are m > n many relation ®q,...,®,, in N(D)

that are linearly independent over /\2(31 + Bs). By Lemma 4.3 there are af ,
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\I/jl € A’By, \113 € A2Bs, and I; e A2E for 1 < j <m, 1 <4< n such that

= Y (al A(ui+v;))+ U5+ 03,

1<i<n

b= > (al Aw)+ ¥} +1; € N(By),
1<i<n

2= " (al Avi)+ U3 —I; € N(By).

1<i<n

Note that it follows that A # @. The linear independence of ®1,...,®,, over

A%(By+Bs>) implies that the (3", -, -, alAu;) for 1 < j < m are linearly independent
over A2(By + E) and the (3, .,., al Av;) for 1 < j < m are linearly independent
over A?(By + E). Hence ®1,...,®. are linearly independent over A%(B; + E) and
®2 ... ®2 are linearly independent over A%2(By + E). W.lo.g. we can assume
that there is some mg < m such that I; = 0 for 1 < j < mg and Ip,,... ,I;m
are linearly independent over A2A. Then mg < n < m, since otherwise 6(B1 +
(ug,... ,un)) < 6(By) would imply uy, ... ,u, € By, a contradiction. Assume that
D is chosen of minimal size over By + By. That means n is minimal. Let B C By,
E' C E, and A’ C A be finite selfsufficient subspaces such that 6(Bj) = d(By),
§(E') = d(E), §(A') = d(A), I; € A2E', W} € A2B] (for 1 < j <m, 1 <i < n),
and FNA=B{NA=A"=FnBj.

Let (E',N(E")) be the S-structure corresponding to E’. We define a finite S-
structure C' that extends E’. We prove that C' is an algebraic extension of E’ that
satisfies (X3) and (X4). C is freely generated by c1,...,¢, over E', and N(C) is
freely generated over N(E') by Aq,... ,A,, where Aj = (3 cic,al Ae) + 1 is
obtained from @jl (1 <j < n) above.

(6) 6(C) = 6(F’) and C satisfies (X3).

We prove (6). The linear independence of ®1,... ,®L over A%(E + Bj) implies
that Aq,...,A, are linearly independent over A2E’. Hence §(C) = §(E"). For the
proof of (6) we show for every subspace K of C:

(7) 6(K)>6(KNE.

If dim(K) — dim(K N E’) = n, then (7) is clear. Assume §(K) < §(K NE’). We
show a contradiction. Let K be freely generated by di,...,d; over K N E’. Then
[ < n and there are [ + 1 relations ©1, ... ,0;11 in N(K) linearly independent over
A%(K N E'). Note that every ©; is a linear combination of Ay,...,A, modulo
N(E'). Every d; is a linear combination d; of c1,. .. ,c, modulo E’. These d are
linearly independent over E’. If we consider the corresponding linear combinations
wj' of uy +wv1,...,uy + v,, then

6(31 + BQ + <wi‘ra s awl-‘r>) < 6(B1 + B2)7
a contradiction to the minimality of n. This proves (7). O

From (7) we get 6(K) > 3, if dim(K N E’) > 3, because (23) is true for E’.
Let us assume that dim(K N E’) < 3. Then

S(KNE)=dim(KNE') and dim(KNA")<3.
We discuss the three possible cases for dim(K N A').
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If dim(K N A’) = 0, then no nontrivial linear combination of Ay,... A, is in
N(K) modulo N(E"), since the (3, -,<, al A ¢;)’s are linearly independent. Then
§(K) =6(KNE") +dim(K) — dim(K N E') = dim(K), as desired.

If dim(K N A’) = 1, then either N(K) = N(KNE’) =0 or there is a relation of
the form A =aAd+ 1 in N(K), where (a) = KNA, I € N>(E'NK)andd =c
modulo E’, where c is a nontrivial linear combination of ¢, ... ,¢,. A has this form
because w.l.o.g. it is a linear combination of the A;’s . We can rewrite A as aAc+1’,
where I’ € A?E’. We find a linear combination ¥ € N(E + By + ({u1,... ,un}))
of ®} ... ®L corresponding to A. That means that in the linear combination
A we replace every A; by the corresponding ®!. We get that W is of the form
aAu+ U+ I’ where U' € A2B;, and u is a nontrivial combination of w1, ... , us,.
Since F is algebraically closed, there is some e € E with a A e = I’ (use (£2)).
Since Bj is algebraically closed, there is some b € By with a A b = U, Hence
aN(u+e+b) € N(E+ By). By (£3) for M we obtain u+ e + b = ra. Then
u =ra—e—be FE+ By. This is a contradiction, since u1,... ,u, are linearly
independent over £ + Bj.

There remains the case dim(KNA’) = 2. Then KNA'= KNE'. If dim(K) = 2,
then K = KNA" and 6(K) = dim(K) = 2, as desired. Otherwise dim(K) =r+2 >
2. We suppose §(K) < 3 and derive a contradiction. By (7) §(K) =6(KNA") =2.

Hence there are r linear combinations ©1,...,0, in N(K) linearly independent
over A2(K N A’). There are linear combinations by,... ,b, of c1,... ,c, that are
linearly independent and elements ey, ... ,e, € E’ such that

K=(KNnA)+ (b +e1,...,b+e).

Since we can replace ci,...,c, by any other basis of C' over E’, we can assume
w.lo.g. that ¢; = b; and e; = 0 for 1 < i < r. Since every O; has to be a
nontrivial linear combination of the A; modulo N(E’) we can assume w.l.o.g that
O1=A4,...,0, =A,. A; € N(K) implies I; € A>(K N A"). Hence ®1,... 8l €
N(Bi+{u,...,u,)) are linearly independent over N(B;). Hence uq,... ,u, € By,
a contradiction. (6) is shown. |

If C is not a minimal extension of E’, then thereare B’ = Cy CC; C ... C Cy =
C such that C;y; is a minimal extension of C; for 0 < i < s. Every Cjy; is freely
generated by some dy, ... ,d; over C;, and N(Cy41) is freely generated over N(C;)
by [ relations of the form (3,.,o,al A d;) + J;, where a} € A" and J; € A%C.

These relations are linear combinations of Aq, ..., A, modulo N(E’). We cannot
choose di, ... ,d; in such a way that J; = ... = J; = 0. Otherwise we could choose
the corresponding uq,... ,u; in By, a contradiction. Hence we can apply Lemma

8.3 to every C;;1 over C;. We have (34) for all C;:
(8) C satisfies (24).

Now we can apply axiom (X5) successively to every C;11 over C;. Since M was
chosen saturated, there is a selfsufficient image of C' in M. We denote it again by
C. Since E was algebraically closed, C C E. Hence we have c1,...,¢, in E such
that for 1 <j<n

( Z CL{/\CZ')—FIJ‘EN(E).

1<i<n
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It follows that
(> al A(ui—e)+ P} € N(By).

1<i<n

Since these relations are linearly independent over N (Bj), a] € A’, and ¥} € A*Bj,
we obtain that u; — ¢; are in the algebraic closure of By, i.e., in B;. We have shown
that u; = ¢; + (u; — ¢;) € E + By, a contradiction. Hence By + Bs is selfsufficient,
as desired. O
It remains to show that By + By = By 4 Bs. This follows from:
(9) 6(B1 + B2) = 6(B1) + 6(B2) — 6(A).

By Lemma 3.4 we have §(B1 + Ba) < 6§(B1)+6(B2) — 6(A). To show equality we
consider some ® in N(B; + Bs). Since we work in By g By we obtain by Lemma
43 ® = &' + 1+ 2 — I, where &' +1 € N(By), ®> — I € N(By), ®' € A%By,
®? € A’By, and I € AE. Let a be one of the fixed constants in M. By (X2) there
is some e € E such that aAe+1 € N(E). Then ®' —aAe € N(By). Since a € By,
®! € A%2By, and B is algebraically closed we obtain e € B;. On the other hand
®2 4 aAe € N(By). Similarly as above we obtain e € By. Hence e € By N By = A.
Then ® = ! —aAe+ P2 +aAe, where P! —aAe € N(By) and ®2+aAe € N(By),
as desired. CM-triviality of X* is shown. O

Lemma 8.2 and Lemma 8.4 imply

Theorem 8.5. ¥ is CM-trivial.

CM-triviality implies the non-interpretability of a field and of a simple group in
the case of finite Morley rank, as proved by A. Pillay [21]. Hence from Theorem
8.5 we conclude:

Theorem 8.6. No field is interpretable in 3.
Together with Theorem 2.1 we obtain:

Corollary 8.7. FEvery group interpretable in 3 is a direct sum of a group that is
nilpotent by finite and of bounded exponent, and an abelian group.

Furthermore we have proved in [6]:

Theorem 8.8. FEvery group interpretable in X is nilpotent by finite and of bounded
exponent.
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