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A NEW UNCOUNTABLY CATEGORICAL GROUP

ANDREAS BAUDISCH

Abstract. We construct an uncountably categorical group with a geometry
that is not locally modular. It is not possible to interpret a field in this group.
We show the group is CM-trivial.

1. Introduction

Let T be a countable complete first order theory. T is called λ-categorical if
all models of T of cardinality λ are isomorphic. In [15] M. D. Morley proved J.
 Loś’s conjecture that a theory T that is categorical in some uncountable power is
categorical in every uncountable power. These uncountably categorical theories are
the simplest case of a theory T that allows the classification of its models in the
sense of S. Shelah [22]. The main examples of such theories are the theories of
algebraically closed fields of a given characteristic. The classification of the models
of an uncountably categorical theory is given by the unique size of a “transcendence
basis” of the models, similar to the classification of algebraically closed fields by
Steinitz [1].

For any uncountably categorical theory T one can find a formula φ(x) (with
auxiliary parameters) which is strongly minimal in the sense that the set defined by
φ in any model of T cannot be split into two infinite definable sets. The appropriate
generalization of the notion of “transcendence degree” involves a combinatorial
geometry with the Steinitz exchange property, which is defined on any strongly
minimal set.

Let D be any set. Assume that cl is an operator from the set of finite subsets
of D into the set of subsets of D. We say that cl defines a pregeometry on D if
the following conditions are fulfilled. Let a, b be elements of D and A,B be finite
subsets of D:

i) A ⊆ cl(A).
ii) A ⊆ B implies cl(A) ⊆ cl(B).
iii) cl(cl(A)) = cl(A).
iv) If a ∈ cl(A ∪ {b}) \ cl(A), then b ∈ cl(A ∪ {a}).
A pregeometry is called a geometry if cl({a}) = {a} for each point a. One may

pass from a pregeometry to a geometry by removing cl(∅) and taking the closures
of the remaining points as the points of a geometry. There is a natural geometry
on any strongly minimal set in which cl(A) is the union of all finite A-definable
sets; this is called the algebraic closure in the sense of model theory. Hence every

Received by the editors October 26, 1993 and, in revised form, March 10, 1995.
1991 Mathematics Subject Classification. Primary 03C35, 03C45, 03C60.
Heisenberg-Stipendiat der Deutschen Forschungsgemeinschaft.

c©1996 American Mathematical Society

3889



3890 ANDREAS BAUDISCH

strongly minimal formula of T defines a geometry for T , and all the geometries
obtained in this way are isomorphic up to finite localizations. We speak of the
geometry of T .

Let us mention the following examples:

1) The theory of the successor function on the naturals. The corresponding
geometry is disintegrated, i.e.: a ∈ cl(A) if and only if a ∈ A.

2) The theory of a vector space where the language contains +, −, 0 and a
unary function for each element of the base field, corresponding to scalar
multiplication by that element. The corresponding geometry is the projective
geometry. This geometry is modular : If X and Y are closed sets, then the
geometrical dimension d fulfills the following equation:

d(X) + d(Y ) = d(X ∩ Y ) + d(X ∪ Y ).

3) The theory of an algebraically closed field. The corresponding geometry is
not locally modular. That means even a localization of the geometry at a
finite set is not modular.

First B. Zil′ber [25] tried to classify uncountably categorical theories T according
to their geometries. He proved:

• If the geometry is disintegrated, then no group is interpretable in T .

Then E. Hrushovski showed:

• If the geometry is not disintegrated but still locally modular, then a group
but no field is interpretable in T .

B. Zil′ber conjectured that in the the remaining case (the geometry is not locally
modular) a field is interpretable in T . In 1988 E. Hrushovski [12] found a counterex-
ample of an uncountably categorical theory with a non-locally-modular geometry
and without the possibility of interpreting a group. The aim of this paper is to
construct a pure group with an uncountably categorical theory and a non-locally-
modular geometry that does not allow the interpretation of a field. “Pure group”
means that we work in the language of group theory only.

There are only two possibilities in searching for such a group G. Either G is a
nilpotent group of bounded exponent, or a quotient of definable subgroups of G
is a counterexample to the Cherlin–Zil′ber Conjecture that every simple group of
finite Morley rank is an algebraic group over an algebraically closed field. This is
shown in section 2. We consider nilpotent groups of class 2 with exponent p where
p is a prime greater than 2. Note that an uncountably categorical pure group has
a locally modular geometry if and only if it is abelian by finite [13].

We transfer the construction of a Hrushovski-geometry in relational languages
[12] (see also [10]) to the case of a pure group. The most difficult part is the proof
of the corresponding Amalgamation Theorems.

The final group is obtained by the method of successive amalgamation as intro-
duced by R. Fräıssé [9]. We want to amalgamate finite nilpotent groups of class
2 of exponent p > 2 with the additional property that the commutator subgroup
is the center. But it is more convenient to work in an auxiliary category S whose
objects are vector spaces V over a finite field Fp of order p together with a dis-
tinguished subspace N(V ) of the exterior square ∧2V (see section 3). There is a
functorial correspondence between the groups above and S that is 1-1 at the level
of isomorphism types of objects. We lose some morphisms.
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In the relational case E. Hrushovski defined a function

δ(A) = number of elements – number of relations

for all finite substructures A of the structure under consideration. The correspond-
ing function in our construction is

δ(H) = dim(H)− dim(N(H))

where H is a finite subspace of the underlying vectorspace V of a structure in S
and dim is the linear dimension. Note that by definition N(H) = N(V ) ∩ ∧2H.
We only consider structures in S that fulfill the following condition:

(Σ3): For all finite subspaces H of V we have δ(H) ≥ 3 if dim(H) ≥ 3, and
δ(H) = dim(H) otherwise.

As in the relational case, δ can be used to define a pregeometry cl on V provided
(Σ3) is fulfilled. We give a short description of the definition of cl. A finite subspace
H of V is called selfsufficient if δ(K) ≥ δ(H) for all finite K with H ⊆ K ⊆ V .
Every finite subspace H is contained in the smallest finite selfsufficient subspace
CSS(H) that is contained in every selfsufficient extension of H. Then we can define
the desired pregeometry by

a ∈ cl(a1, . . . , an) iff δ(CSS(〈{a1, . . . , an}〉)) = δ(CSS(〈{a, a1, . . . , an}〉)).
The details of the definitions of all notions above are given in section 3.

Now assume that A is a subspace of B and both are finite subspaces of V in
some S-structure. Then B is called a minimal extension of A if δ(A) = δ(B)
and δ(K) > δ(A) for all K with A ⊆ K ⊆ B and A 6= K 6= B. To describe
the amalgamation process let A, B, and C be finite structures in S such that A
is a common substructure of B and C, and B is a minimal extension of A. If
A is selfsufficient in C and B is not realized in C over A, then we replace C by
the following free amalgam D = B ?A C of B and C over A: The underlying
vectorspace D is B ⊕A C, and N(D) is the subspace N(B) + N(C) of ∧2D. The
First Amalgamation Theorem in section 4 ensures that D satisfies (Σ3) again,
provided that A, B, and C fulfil (Σ3). Section 5 contains some preparations for the
argument in section 6.

Let (M,N(M)) be the final S-structure produced by the amalgamation process
described above. Let G be the corresponding group and let G be G/Z(G) where
Z(G) is the center of G. Then we can identify the vector spaces M and G. We
have to modify the construction in such a way that we get cl = acl on G, where
cl is the pregeometry given by (M,N(M)) and acl is the algebraic closure on G
given by the group G. For this it is sufficient that the number of realizations of
a minimal extension K over H has a bound which depends only on dim(K). The
complicated condition (Σ4) implies such a bound. In section 6 we prove that (Σ4) is
preserved by the described amalgamation (Second Amalgamation Theorem). Then
we can show that the theory Σ of the corresponding group will be uncountably
categorical and its geometry will be given by cl on M . In section 7 the construction
of the group and the final results are given apart from the non-interpretability of
a field. This will be done in section 8. We show CM-triviality of the theory Σ.
CM-triviality was introduced by E. Hrushovski in [12]. This implies the desired
non-interpretability of a field. In the first version of this paper we proved directly
that every group H that we can interpret in our group is nilpotent by finite and
bounded.
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2. On groups of finite Morley rank

If G is a group, then let [X,Y ] be the set {[a, b] : a ∈ X, b ∈ Y }. For subsets X ⊆
G let 〈X〉 be the subgroup generated by X . Hence we can define the commutator
subgroup G′ as 〈[X,Y ]〉. We use Z(G) to denote the center of G.

Uncountably categorical theories are ω-stable of finite Morley rank. A group is
called connected if it contains no proper definable subgroup of finite index. An ω-
stable group G contains a definable connected normal subgroup G0 of finite index.
It is called the connected component of G.

There is a well-known conjecture of G. Cherlin and B. Zil′ber that every simple
infinite group of finite Morley rank is an algebraic group over an algebraically closed
field. Combining a number of known results, we obtain the following:

Theorem 2.1. Let G be a group of finite Morley rank that does not allow the
interpretation of an infinite field. Either we get a counterexample to the Cherlin -
Zil′ber - Conjecture as a quotient of definable subgroups of G, or G0 = A ∗B where
A is Abelian and B is a nilpotent definable subgroup of bounded exponent. (Here ∗
denotes a central product.)

Proof. Even in the superstable case there are definable subgroups H0 C H1 C . . . C
Hr = G0 of G where Hi+1/Hi is infinite and furthermore either abelian or simple
over a finite center. In the case of finite Morley rank this follows from Zil′ber’s
Indecomposability Theorem ([23], see [7]). The proof for superstable groups is
found in [5]. Hence we either have an infinite simple group as a quotient of definable
subgroups of G, or else G0 is soluble. We need the following result of Zil′ber [24]:

Theorem 2.2. In every connected soluble non-nilpotent group of finite Morley rank
it is possible to interpret a field.

In a simple algebraic group over an algebraically closed field one can find a
definable connected soluble non-nilpotent subgroup. By Theorem 2.2 a field is
definable. Hence if we get a simple group above, then it is a counterexample to the
Cherlin-Zil′ber Conjecture. Otherwise we know that G0 is soluble. By Theorem
2.2 again we obtain that G0 is nilpotent.

Note that B. Zil′ber [26] has shown that every torsion-free nilpotent uncount-
ably categorical group is an algebraic group over an algebraically closed field.
C. Grünenwald and F. Haug obtained the following (Theorem 2.3 in [11] ):

Theorem 2.3. Let G be a non-Abelian nilpotent stable group. Assume that the
commutator subgroup G′ is torsion-free. Then an infinite field of characteristic 0
is interpretable.

Furthermore we need the following result of A. Nesin [16]:

Theorem 2.4. Let G be an ω-stable nilpotent group. Then there are definable
characteristic subgroups D and B such that D is divisible, B has finite exponent,
G = DB, and [D,B] = 〈1〉. D can be decomposed as D = D+ ⊕ F , where D+ is
the central subgroup of torsion elements of D and F is a torsion-free subgroup.
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Now our group G0 has the structure described by Theorem 2.4. If D is Abelian,
then D is central and the assertion follows. Otherwise consider the definable sub-
group D. Then D′ = F ′. F ′ is torsion-free and non-trivial. By Theorem 2.3 it is
possible to interpret a field, a contradiction.

Theorem 2.1 gives the motivation to consider only groups G, that satisfy the
following property:

(Σ1): G is nilpotent of class 2 and of exponent p, where p is a fixed prime greater
than 2.

Let Fc(p, κ) be the free group in the variety of nilpotent groups of class c and of
exponent p (p > c). κ is the number of free generators. Let κ be infinite. In [2]
it is shown that Fc(p, κ) has an ω-stable theory with c dimensions. Thus F2(p, κ)
is not so far from the group we desire; but this group has infinite Morley-rank.
The reason for its two dimensions and the infinite Morley-rank is that there is no
integer n such that every element of the commutator subgroup G′ can be presented
as a product of at most n commutators. In a group G of finite Morley-rank we
get, as a consequence of B. Zil′ber’s Indecomposability Theorem, that there are
g1, . . . , gk ∈ G such that

G′ = [g1, G][g2, G] . . . [gk, G].

Our final group will satisfy this condition in a very strong form:

(Σ2): ∀z ∈ Z(G)∀x /∈ Z(G)∃y (z = [x, y]).

All the groups G considered here will satisfy (Σ1) and a weak form of (Σ2):

(Σ2)w: Z(G) = G′.

Note however that this condition is not elementary.

3. The Geometry

As above all the groups G considered here will fulfill (Σ1) and (Σ2)w. Let G be
G/Z(G). If G satisfies (Σ1) and (Σ2)w, then [x, y] defines an alternating bilinear
map of G × G into Z(G) such that [G,G] generates Z(G). We will show that G
is determined up to isomorphism by this bilinear map, using the fact that G and
Z(G) are vector spaces over the field Fp with p elements.

Lemma 3.1. Let G and H be groups with the properties (Σ1) and (Σ2)w. Let
G = G/Z(G), H = H/Z(H), and let [ , ]G, [ , ]H be the corresponding commutator
maps. Assume there is an isomorphism fB : (G,Z(G); [ , ]G) ' (H,Z(H); [ , ]H).
Let {a0, a1, . . . } be a basis of the vector space G and choose ci ∈ G in the coset
modulo Z(G) corresponding to ai. Let f(ci) be any element in H in the coset
modulo Z(H) corresponding to fB(ai).
Then fB extends to an isomorphism f of G onto H.

Proof. G can be reconstructed from (G,Z(G); [ , ]G) in the following way: Let G∗

be the following group. The elements are tuples (
∑
α rαaα, z), where z ∈ Z(G) and

rα = 0 up to finitely many α. The group multiplication is defined by

(
∑
α

rαaα, z1) ◦ (
∑
α

sαaα, z2) = (
∑
α

(rα + sα)aα, z1 + z2 +
∑
β<α

rαsβ[aα, aβ ]).

Then G and G∗ are isomorphic. To prove this we write elements of G uniquely
as
∏
α c

rα
α z, where z ∈ Z(G) and rα = 0 up to finitely many α. g(

∏
α c

rα
α z) =
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(
∑
α rαgα, z) gives the desired isomorphism of G and G∗ with g(ci) = (ai, 0). Anal-

ogously we obtain an isomorphism h of H onto H∗ with h(f(ci)) = (fB(ai), 0).
If f+ is the isomorphism of G∗ onto H∗ given by fB, then f = h−1f+g has the
desired properties.

Let G be the category of all groups that satisfy (Σ1) and (Σ2)w with group
monomorphisms as morphisms. Let B be the category of all alternating bilinear
maps β : V × V → W , where V and W are vector spaces over the field Fp, and
the image of β generates W (this is an analog of condition (Σ2)w). The morphisms
from (V1,W1;β1) to (V2,W2;β2) are pairs (f, g) with f : V1 → V2, g : W1 → W2

so that β2f = gβ1. The correspondence between groups G in G and the associated
structures (G,Z(G); [ , ]G) in B rise to a functor from G onto B; this correspondence
is 1-1 at the level of objects, by the proof of Lemma 3.1. (Lemma 3.1 does not say
that the map is onto, but the proof shows it.)

For every vector space V there is a “free bilinear map over V ”, namely ∧ :
V × V → ∧2V in B, characterized by the following universal property:

(∧): For every alternating bilinear map β : V × V → W there is a unique
linear fβ : ∧2V → W such that fβ ∧ = β.

The vector space ∧2V (equipped with the associated bilinear map ∧) is called the
exterior square of V (cf. [14]). We denote the kernel of fβ on ∧2V by N(β), or more
commonly, abusing the notation, byN(V ). For any structure (V,W ;β) in B, there is
a canonical isomorphism (V,W ;β) ' (V,∧2V/N(β);π) where π is the composition
of the canonical maps V × V → ∧2V → ∧2V/N(β). These considerations lead to
the introduction of another category S equivalent to B. The objects of S are pairs
(V,N) with N ⊆ ∧2V and the maps f : (V1, N1)→ (V2, N2) such that the induced
map ∧2f between the exterior squares satisfies: ∧2f [N1] = ∧2f [V1]∩N2. The main
work in this paper is done in S. Let (M,N(M)) be an element of S. Often we
write M only. For H ≤ M we let N(H) = ∧2H ∩ N(M), where of course ∧2H is
canonically identified with a subspace of ∧2M . Note that (H,N(H)) ∈ S. By the
equivalence of the categories B and S Lemma 3.1 implies the following:

Corollary 3.2. Let G and H be groups in G. Assume there is an isomorphism
f0 of a subgroup G0 ∈ G of G onto a subgroup H0 ∈ G of H. Let M and N be
S-structures corresponding to G and H respectively. Let M0 be the substructure of
M corresponding to G0 and let N0 be the substructure of N corresponding to H0.
Assume there is an S-isomorphism g of M onto N such that the restriction of g
to M0 is the S-isomorphism induced by f0. Then there is an isomorphism f of G
onto H that extends f0 and induces the given S-isomorphism g of M onto N .

With M fixed, we let δ be the function defined on finite dimensional subspaces H
of M by δ(H) = dim(H)−dim(N(H)). We are interested in groups with relatively
few relations. First we formulate this requirement for S :

(Σ3): Let (M,N(M)) be an element of S. For every finite subspace H of M ,
δ(H) ≥ min{3, dim(H)}.

Sometimes a weaker condition is sufficient:

(Σ3)0: For every finite subspace H of M , δ(H) ≥ 0.

Let G be a group in G. We say that G fulfills (Σ3) if the corresponding structure
in S satisfies (Σ3). In the language of groups we can formulate this by the following
statement. It is possible to express this by a set of elementary sentences.
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(Σ3): Let G0 be any finite subgroup of G. Consider G0 and G′0 as vector spaces
over Fp. If dim(G0) = n, then

dim(G′0) ≥ min{(n/2)(n− 1)− n+ 3, (n/2)(n− 1)}.
We see that we can also speak about δ(H) for subspaces H of G .
With this definition of δ we can define a geometry on S-structures M following

the approach of E. Hrushovski [12] for relational structures. We use the presentation
of J.B. Goode and B. Poizat in [10]. Then we have the same geometry on G for the
corresponding G in G.

Definition. For (M,N(M)) in S and H ≤ M , H is selfsufficient in M if for all
finite subspaces K with H ≤ K ≤M we have δ(H) ≤ δ(K).

If (Σ3)0 is true for M , then every finite subspace of M is contained in a finite
selfsufficient subspace of M .

Lemma 3.3. For subspaces H and K of M , N(H ∩K) = N(H) ∩N(K).

Proof. This holds because ∧2H ∩ ∧2K = ∧2(H ∩K).

Lemma 3.4. Let H and K be finite subspaces of M Then

δ(H +K) ≤ δ(H) + δ(K)− δ(H ∩K).

Proof. dim(H+K) = dim(H)+dim(K)−dim(H∩K), and dim(N(H)+N(K)) =
dim(N(H))+dim(N(K))−dim(N(H∩K)), using Lemma 3.3. As N(H)+N(K) ≤
N(H +K), our claim follows from the definition of δ.

To define a pregeometry on M (on G respectively) we only need (Σ3)0, Lemma
3.4, and δ(∅) = 0 (see [12]). This definition is described in the following.

Corollary 3.5. Let H and K be finite subspaces of M .

1. If δ(H ∩K) > δ(H), then δ(H +K) < δ(K).
2. If δ(H ∩K) ≥ δ(H), then δ(H +K) ≤ δ(K).

Lemma 3.6. If H and K are selfsufficient subspaces of M , then A = H ∩ K is
selfsufficient in M .

Proof. Otherwise consider a counterexample A = H ∩K 6= 〈0〉 such that δ(K) ≤
δ(H) and δ(K) is minimal. If δ(A) > δ(K) then, by Corollary 3.5, δ(K+H) < δ(H).
This contradicts the selfsufficiency of H. Therefore we can assume that δ(A) ≤
δ(K). There exists B ⊇ A such that B is selfsufficient and δ(B) < δ(A) ≤ δ(K).
Since δ(B) < δ(K) and δ(K) was chosen minimal for a counterexample, it follows
that B ∩ K is selfsufficient. Note that B ∩ K ⊇ A 6= 〈0〉. We obtain a new
counterexample:

A = (B ∩K) ∩H, where B ∩K and H are selfsufficient.

Then δ(B ∩K) ≤ δ(B) < δ(K), contradicting the minimality of δ(K).

Let us assume for the rest of this section that M satisfies (Σ3)0. Hence every
finite subspace A of M is contained in a finite selfsufficient subspace B of M .
Therefore and because of Lemma 3.6 we can define:

Definition. Let A be a finite subspace of M .

1. The selfsufficient closure CSS(A) of A is the intersection of all finite selfsuf-
ficient subspaces B with A ≤ B.
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2. The geometrical dimension d(A) of A is δ(CSS(A)).
3. For a1, . . . , an, a in M let us define a ∈ cl({a1, . . . , an}) if and only if

d(〈{a1, . . . , an, a}〉) = d(〈{a1, . . . , an}〉).

By the definition, for all finite subspaces A and B of M with A ⊆ B we have
δ(CSS(A)) ≤ δ(B), especially δ(CSS(A)) ≤ δ(A). We use the same notions in
G for G ∈ G. If A is a finite subspace of G, then in Geq CSS(A) is part of the
algebraic closure of A. If m = dim(CSS(A)) and n = δ(CSS(A)), then CSS(A) is
the subspace X of G that contains A, has linear dimension m, and has δ(X) = n.
Using this we can write a formula that says “x ∈ X”. This formula uses elements
of G that represent A modulo Z(G) as parameters.

Lemma 3.7. Let A and B be subspaces of M with A ⊆ B. Then d(A) ≤ d(B).

Proof. A ⊆ B ⊆ CSS(B) implies CSS(A) ⊆ CSS(B).

Lemma 3.8. If d(A + 〈a〉) > d(A) then d(A + 〈a〉) = d(A) + 1.

Proof. W.l.o.g. CSS(A) = A. By definition d(A + 〈a〉) = δ(CSS(A + 〈a〉)) ≤
δ(A + 〈a〉). It is sufficient to show that δ(A + 〈a〉) ≤ δ(A) + 1. This follows from
Lemma 3.4: δ(A+ 〈a〉) ≤ δ(A) + δ(〈a〉) = δ(A) + 1.

Theorem 3.9. cl defines a pregeometry on M .

Proof. (1) {a1, . . . , an} ⊆ cl(a1, . . . , an) is true by the definition. (2) For finite
subsets A ⊆ B we obtain cl(A) ⊆ cl(B).

Proof of (2). W.l.o.g. A and B are subspaces. Assume that a ∈ cl(A). Then
d(A + 〈a〉) = d(A). Choose a selfsufficient K with A ∪ {a} ⊆ K and δ(K) =
d(K) = d(A + 〈a〉) = d(A). Choose B ⊆ H such that H is selfsufficient and
δ(H) = d(B) . By Lemma 3.7 d(A) ≤ d(B). Therefore δ(K) = d(A) ≤ d(B) =
δ(H). We have A ⊆ K ∩H. By Lemma 3.6 K ∩H is selfsufficient. It follows that
d(A) ≤ d(K ∩H) ≤ d(K) ≤ d(A). That means δ(K ∩H) = δ(K). By Corollary
3.5 δ(K + H) ≤ δ(H) = d(B). Therefore d(B) ≤ d(K +H) ≤ δ(K + H) ≤ d(B).
Since B ∪ {a} ⊆ K +H, we get d(B + 〈a〉) ≤ d(K +H) = d(B), as desired.

(3) cl(cl(A)) = cl(A) for finite A.

Proof of (3). By (1) A ⊆ cl(A), and by (2) cl(A) ⊆ cl(cl(A)). To prove the other
direction assume a ∈ cl(cl(A)). Choose a1, . . . , an ∈ cl(A) \ A such that a ∈
cl({a1, . . . , an}∪A). Then d(A) = d(A+〈an〉). By (2) a1, . . . , an−1 ∈ cl(A∪{an}).
If we iterate the argument we get d(A) = d(A+ 〈{a1, . . . , an}〉). Using Lemma 3.7
twice we get the desired result:

d(A+ 〈a〉) ≤ d(A + 〈{a1, . . . , an, a}〉)
= d(A + 〈{a1, . . . , an}〉) = d(A) ≤ d(A+ 〈a〉).

(4) The Steinitz Exchange Lemma. For finite A ⊆M , a ∈ cl(A∪{b})\cl(A)
implies b ∈ cl(A ∪ {a}).

Proof of (4). By the assumption and Lemma 3.7 we know that d(A) < d(A+〈a〉) ≤
d(A + 〈{a, b}〉) = d(A + 〈b〉). Hence by Lemma 3.8 d(〈A ∪ {a, b}〉) = d(A + 〈b〉) =
d(A)+1. By assumption d(A+〈a〉) > d(A) and by Lemma 3.8 d(A+〈a〉) = d(A)+1.
Both equations together imply d(〈A ∪ {a, b}〉) = d(A + 〈a〉), as desired.
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Definition. Let A be a finite subspace of M . We say that A is n-selfsufficient in
M if δ(A) ≤ δ(B) for every finite B with A ⊆ B and dim(B/A) = n.

Note that a subspace A is selfsufficient in M if and only if it is n-selfsufficient in
M for all n. There are formulas ϕn,m(x1, . . . , xm) which express the property that
x1, . . . , xm generate an n-selfsufficient subspace.

Lemma 3.10. If A is selfsufficient in B and B is selfsufficient in M , then A is
selfsufficient in M . If A is n-selfsufficient in B and B is selfsufficient in M then
A is n-selfsufficient in M .

Proof. For everyK ⊇ A we have to show that δ(A) ≤ δ(K). This is clear for K ⊆ B
and for B ⊆ K. Assume neither K ⊆ B nor B ⊆ K. Then δ(A) ≤ δ(B ∩ K)
and δ(A) ≤ δ(B). If δ(K) < δ(A) then δ(K) < δ(B ∩ K). By Corollary 3.5
δ(B +K) < δ(B). Since B is selfsufficient in M , this is a contradiction. The same
proof works for A n-selfsufficient in B.

Lemma 3.11. Let A be a finite subspace of B.

1. If A is selfsufficient in B, then for every K ⊆ B we obtain that A ∩ K is
selfsufficient in B ∩K = K.

2. If A is n-selfsufficient in B, then for every K ⊆ B we obtain that A ∩K is
n-selfsufficient in B ∩K = K.

Proof. To prove (1) we have to show that for every C with A∩K ⊆ C ⊆ K we have
δ(A ∩K) ≤ δ(C). Note that A ∩K = A ∩ C. Now δ(C) < δ(A ∩ C) would imply
δ(A+ C) < δ(A) by Corollary 3.5. This is a contradiction to the selfsufficiency of
A in B.

(2) follows in the same way. We have to consider C with dim(C/A ∩ C) ≤ n
only. Note that dim((A+ C)/A) = dim(C/A ∩ C).

4. The First Amalgamation Lemma

Let A, B, and C be structures in S, where A is a common substructure of B and
C. We define a structureD = B?AC, that we call the free amalgam ofB and C over
A: Let D be the vector space that is the free amalgam B⊕AC of the vector spaces
B and C over A in the category of vector spaces over the field with p elements. It
remains to define the subspace N(D) of ∧2D. ∧2B, ∧2C and ∧2A are subspaces
of ∧2D with ∧2B ∩ ∧2C = ∧2A. Therefore N(B) and N(C) are subspaces of ∧2D
with N(B) ∩N(C) = N(A) (Lemma 3.3). We define N(D) to be the subspace of
∧2D generated by N(B)∪N(C). In particular we have δ(D) = δ(B)+δ(C)−δ(A).
Under certain conditions we will show (Σ3) for D provided that A, B, and C fulfill
(Σ3).

Let (M,N(M)) be a structure in S with (Σ3)0 and let H ⊆ K be subspaces of
M . We say that K is a minimal extension of H if δ(H) = δ(K) and δ(L) > δ(H)
for every L with H ⊆ L ⊆ K and H 6= L 6= K. We also use this notion for the
induced S-substructures. K1 is a realization of the minimal extension K of H, if
there is a vector space isomorphism of K onto K1 that is the identity on H and
that induces an isomorphism of the corresponding structures in S.

Theorem 4.1 (First Amalgamation Theorem). Assume that A, B, C are finite
structures in S that fulfill (Σ3), where A is a common substructure of B and C.
Suppose that A is selfsufficient in B and n-selfsufficient in C, where 2+dim(B/A) ≤
n. Then D = B?AC fulfills (Σ3)0, C is selfsufficient in D and B is n-selfsufficient
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in D. If B is a minimal extension of A that is not realized in C, or if dim(B) =
dim(A) + 1 and δ(B) = δ(A) + 1, then D fulfills (Σ3).

Let us introduce the following notation. If M is an S-structure and X is an
ordered basis of the vector space M , then we call the elements a ∧ b of ∧2M with
a < b the basic commutators. They form a basis of ∧2M . If we speak about the
basic commutators of ∧2M with respect to the basis X , then we assume that some
ordering of X is given. If X is of the form X1 . . .Xn, then we assume that the
ordering of X has the property x < y for x ∈ Xi and y ∈ Xj with i < j.

First we prove some helpful lemmas. If we want to show (Σ3), we have to
consider any K ⊆ D. Then (K ∩ B) ∩ (K ∩ C) = K ∩ (B ∩ C) = K ∩ A. Let
Y a be a basis for the vector space K ∩ A, Y aY b be a basis for K ∩ B, and Y aY c

be a basis of K ∩ C. Then Y bY c is linearly independent over A. If dim(K) =
dim(K ∩ B) + dim(K ∩ C) − dim(K ∩ A) then Y aY bY c is a basis for K. By
induction on dim(K)− (dim(K ∩B) + dim(K ∩ C)− dim(K ∩A)) we show:

Lemma 4.2. Let K be a finite subspace of D. Assume that d1, . . . , dm are linearly
independent over (K ∩B) + (K ∩C) such that

〈(K ∩B) ∪ (K ∩ C) ∪ {d1, . . . , dm}〉 = K.

Then for every U = {u1, . . . , um} ⊆ B and V = {v1, . . . , vm} ⊆ C with ui = di
modulo C and di = ui+vi for 1 ≤ i ≤ m we obtain that UV is linearly independent
over (K ∩B) + (K ∩ C) +A.

Proof. m = 0 is the base of the induction. Otherwise choose

H = 〈(K ∩B) ∪ (K ∩ C) ∪ {d1, . . . , dm−1}〉.
Then dim(H) − (dim(K ∩ B) + dim(K ∩ C) − dim(K ∩ A)) = m − 1. We apply
the induction hypothesis and obtain that Y bY c{u1, . . . , um−1}{v1, . . . , vm−1} is
linearly independent over A. If the assertion were not true, we could infer∑

1≤i≤m
riui +

∑
1≤i≤m

sivi = 0 modulo 〈Y bY cA〉

where rm 6= 0 or sm 6= 0. Assume w.l.o.g. that sm 6= 0. Then there is some z in
〈Y c〉 such that ∑

1≤i≤m
sidi + z =

∑
1≤i≤m

(si − ri)ui modulo 〈Y bA〉.

It follows that there is some h ∈ H such that smdm + h ∈ K ∩B. Hence dm ∈ H,
a contradiction.

A basis Y aY bY c{u1 + v1, . . . , um + vm} of a subspace K of D as described in
Lemma 4.2 is called a suitable basis. A suitable basis ZaZbZc of D is consistent
with the suitable basis Y aY bY c{u1 + v1, . . . , um+ vm} of K, if Y a ⊆ Za, Y b ⊆ Zb,
Y c ⊆ Zc, and the roles of {u1, . . . , um} and {v1, . . . , vm} can be played by elements
of Zb\Y b and Zc\Y c respectively. The description of K above gives us a description
of N(K) = N(D) ∩ ∧2K.

Lemma 4.3. Let Y aY bY cUV be a part of a basis of D chosen according to K
as above in Lemma 4.2. Assume that there is given an order of this basis with
Y a < Y b < Y c < U < V . Then a linear combination Φ of basic commutators over
Y aY bY cUV is in N(D) if and only if Φ = ΦB + ΦC + ΦU + ΦV , where:
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ΦB is a linear combination of basic commutators a ∧ b with a, b ∈ Y aY b and
a < b,

ΦC is a linear combination of basic commutators a ∧ b with a, b ∈ Y aY c and
a < b,

ΦU is a linear combination of basic commutators a∧uj with a ∈ Y a and uj ∈ U ,
ΦV is obtained from ΦU by replacing uj by vj,
and there exists J ∈ ∧2A such that ΦB + ΦU + J ∈ N(B) and ΦC + ΦV − J ∈

N(C).

Proof. ∧2K has a basis {a ∧ b : a < b, a, b ∈ Y aY bY c{ui + vi : 1 ≤ i ≤ m}}. Let Φ
be a linear combination of such basic commutators that is in N(D). With respect to
any basis of D, that extends Y aY bY cUV , we have Φ = ΦB + ΦC +

∑
i αi(ai∧ui) +∑

i αi(ai∧vi), where ΦB ∈ ∧2〈Y aY b〉, ΦC ∈ ∧2〈Y aY c〉, and ai ∈ Y aY bY c{ul+vl :
1 ≤ l ≤ i}, because b ∧ c with b ∈ Y b and c ∈ Y c cannot occur in Φ ∈ N(B) +
N(C). By the same argument rb, rc, r(ui + vi) with b ∈ Y b and c ∈ Y c cannot
occur in the presentation with respect to the basis above of any aj . Therefore
ai ∈ 〈Y a〉. We define ΦU =

∑
i αi(ai ∧ ui) and ΦV =

∑
i αi(ai ∧ vi). We get

Φ = ΦB + ΦU + ΦC + ΦV = ΨB + ΨC , where ΨB ∈ N(B) and ΨC ∈ N(C). Let
J be ΨB − (ΦB + ΦU ) = −ΨC + (ΦC + ΦV ). Then J ∈ ∧2B ∩ ∧2C = ∧2A. The
assertion follows.

Lemma 4.4. Assume that A, B, and C are finite structures in S with (Σ3), such
that A is a common substructure of B and C. Let D be B ?A C. Suppose that A is
selfsufficient in B, and A is (dim(B/A)+n)-selfsufficient in C, and B is a minimal
extension of A, that is not realized in C. Assume that U = {u1, . . . , um} ⊆ B
and V = {v1, . . . , vm} ⊆ C, such that UV is linearly independent over A. Let
X = {a1, . . . , ak} be a part of a basis of A. For 1 ≤ i ≤ h let

Φi =
∑

1≤s≤k
1≤t≤m

rist(as ∧ ut + vt)

be relations in N(〈X{u1 + v1, . . . , um + vm}〉) that are linearly independent over
N(〈X〉). Then h < m.

Proof. Assume that h ≥ m. By Lemma 4.3 there exists Ji ∈ ∧2A such that

Ψi =
∑

1≤s≤k
1≤t≤m

rist(as ∧ ut) + Ji ∈ N(B),

∆i =
∑

1≤s≤k
1≤t≤m

rist(as ∧ −vt) + Ji ∈ N(C).

Then Φi = Ψi − ∆i. We can write down Ji as a linear combination of basic
commutators over some basis of A that extends X . Since the Φi’s are linearly
independent over ∧2〈X〉, every non-trivial linear combination of them contains
as ∧ ut and as ∧ vt for some s and t. Therefore every nontrivial linear combination
of the Ψi’s and every nontrivial linear combination of the ∆i’s contains a basic
commutator as∧ut and as∧vt respectively. Hence the Ψi’s and the ∆i’s respectively
are linearly independent over ∧2A. They freely generate N(〈UA〉) over N(A) and
N(〈V A〉) over N(A) respectively, since A is dim(B/A)-selfsufficient in B and C,
m ≤ dim(B/A), and h ≥ m. It follows that h = m. Therefore the vector space
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isomorphism f , defined by f(a) = a for a ∈ A and f(uj) = −vj of 〈AU〉 onto 〈AV 〉
induces an isomorphism of the corresponding structures in S. Since B is a minimal
extension of A and δ(〈AU〉) = δ(A) (in B), we obtain 〈AU〉 = B. Now 〈AV 〉 is a
realization of the minimal extension B of A in C. This contradicts the assumption
of the lemma.

Lemma 4.5. Assume that M is a structure in S sucht that δ(K) = dim(K) for
K ⊆M with dim(K) ≤ 2. Then δ(K) = dim(K) for K ≤M with dim(K) ≤ 3.

Proof. Choose K ⊆ M with dim(K) = 3. Assume that K has the basis {a, b, c}.
If δ(K) < 3 then there is a relation r1(a ∧ b) + r2(a ∧ c) + r3(b ∧ c) in N(K).
Assume w.l.o.g. that r1 6= 0. If r3 = 0, then r2 6= 0 by assumption. But then
a ∧ (r1b + r2c) ∈ N(K), a contradiction. We obtain a similar contradiction if
r2 = 0. Therefore we can assume w.l.o.g. that r1 = 1, r2 6= 0, and r3 6= 0.
Hence a ∧ (b + r2c) + r3(b ∧ c) ∈ N(K). Choose s such that sr2 = r3 modulo p.
Then a ∧ (b + r2c) + sb ∧ (b + r2c) ∈ N(K) and (a + sb) ∧ (b + r2c) ∈ N(K), a
contradiction.

Proof of Theorem 4.1. We show (Σ3)0 for D and (Σ3) under the further assump-
tions. Let K ⊆ D. Y a, Y b, Y c, U and V are chosen as above. If dim(K) ≤ 2 then
by Lemma 4.3 either N(K) = 〈0〉 or K = 〈{a, u+ v}〉, where a ∈ A, u ∈ B, v ∈ C,
{u, v} is linearly independent over A, and N(K) is generated by a ∧ (u + v). It
follows that δ(K) ≥ 1. This implies (Σ3)0 for K with dim(K) ≤ 2. Assume that
dim(K) = 2. If dim(B) = dim(A) + 1 and δ(B) = δ(A) + 1 then dim(N(K)) = 0,
since a relation a ∧ u+ J ∈ N(B) is not possible. If B is a minimal extension of A
that is not realized in C, then dim(N(K)) = 0 follows from Lemma 4.4. Hence the
assertion is proved for all K ⊆M with dim(K) ≤ 2.

Now we can suppose that dim(K) ≥ 3. We choose a basis for K as above. We
say that K is moderate if U = V = ∅. First we show (Σ3) for moderate K. Using
Lemma 4.3 we prove for moderate K:

(1) dim(N(K)) ≤ dim(N(K ∩ C) + dim(N((K ∩B) +A))− dim(N(A)).

Proof of (1). N(K) is a subspace of ∧2K = ∧2((K∩B)+(K∩C)). We construct a
basis of N(K). First we choose Φ1, . . . ,Φs as a basis of N(K ∩C). Let ∆1, . . . ,∆r

be linear combinations of basic commutators in N(K) such that their images in
N(K)/N(K ∩ C) are a basis of this vector space. By Lemma 4.3 ∆i = ∆B

i + Ji +
∆C
i − Ji where ∆B

i ∈ ∧2(K ∩ B), ∆C
i ∈ ∧2(K ∩ B), Ji ∈ ∧2A, ∆B

i + Ji ∈ N(B),
and ∆C

i −Ji ∈ N(C). ∆B
i is a linear combination of basic commutators over Y aY b.

Then every non-trivial linear combination ∆ of the ∆B
i contains a basic commutator

w∧y with y ∈ Y b, since otherwise the corresponding linear combination of the ∆i’s
would be in N(K∩C). Hence the ∆B

i +Ji ∈ N((K∩B)+A) are linearly independent
over ∧2A and therefore over N(A).

Note that dim(K) = dim(K ∩C) + dim((K ∩B) +A)− dim(A). Therefore (1)
implies

(2) δ(K) ≥ δ(K ∩ C) + δ((K ∩B) +A)− δ(A).

Since A is selfsufficient in B we obtain δ((K ∩B) +A) ≥ δ(A), and therefore

(3) δ(K) ≥ δ(K ∩ C).

(Σ3)0 follows for moderate K and (Σ3) for moderate K with dim(K ∩ C) ≥ 3.
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If dim(B) = dim(A) + 1 and δ(B) = δ(A) + 1, then either K ⊆ C or δ(K) =
δ(K ∩ C) + 1 by (2). The assertion follows from (Σ3) for C. Now we can assume
that B is a minimal extension of A, that is not realized in C. Similarly as in (2)
we obtain

(4) δ(K) ≥ δ(K ∩B) + δ((K ∩C) +A)− δ(A).

It suffices to consider the cases where |Y c| ≤ 2. Since dim((K ∩ C) + A/A) =
|Y c| ≤ 2, the 2-selfsufficiency of A in C implies

(5) δ(K) ≥ δ(K ∩B), if |Y c| ≤ 2.

The assertion follows if dim(K∩B) ≥ 3. Hence we can suppose that dim(K∩C) < 3
and dim(K∩B) < 3. At the beginning (Σ3) was shown for all K with dim(K) ≤ 2.
By Lemma 4.5 it is true for K with dim(K) ≤ 3. We can assume that dim(K) > 3.
The only possibility to fulfill all these conditions is |Y a| = 0, |Y b| = |Y c| = 2. In
this case we show dim(N(K)) ≤ 1. Let Y b be {y1, y2} and Y c be {z1, z2}. By (Σ3)
for B and C, y1 ∧ y2 and z1 ∧ z2 are not in N(K). Therefore by Lemma 4.3 every
element in N(K) has the form r1(y1 ∧ y2) + r2(z1 ∧ z2) with r1 6= 0 and r2 6= 0.
There are not two linearly independent elements of this form in N(K), since their
existence would imply y1 ∧ y2 ∈ N(K). It follows that dim(N(K)) ≤ 1, as desired.
(Σ3) is shown for moderate K.

Now we assume that K is not moderate. Remember that by assumption dim(K)
≥ 3. Let K− be (K ∩B) + (K ∩ C) = 〈Y aY bY c〉. K− is moderate. By definition
N(K−) ⊆ N(K). We use a similar proof as in the moderate case. First we show

(6) dim(N(K)) ≤ dim(N(K ∩ C)) + dim(N(〈Y bUA〉)) − dim(N(A)).

Proof of (6). Let Φ1, . . . ,Φs be a basis of N(K ∩ C). Let ∆1, . . . ,∆r in N(K−)
be a basis of N(K−)/N(K ∩ C). In the proof of (1) it is shown that ∆+

1 =
∆B

1 + J1, . . . ,∆
+
r = ∆+

r + Jr ∈ N(〈Y bA〉) are linearly independent over ∧2A.
Now we choose Ψ1, . . . ,Ψt in N(K) such that their images in N(K)/N(K−) are a
basis of this vector space. Then {Φ1, . . . ,Φs,∆1, . . . ,∆r,Ψ1, . . . ,Ψt} is a basis of
N(K). According to Lemma 4.3 let Ψi = ΨB

i + ΨC
i + ΨU

i + ΨV
i and Ii ∈ ∧2A with

ΨB
i + ΨU

i + Ii ∈ N(B) and ΨC
i + ΨV

i − Ii ∈ N(C). Then every non-trivial linear
combination of the Ψi’s contains some a∧uj with a ∈ Y a and uj ∈ U . Therefore the
Ψ+
i = ΨB

i + ΨU
i + Ii ∈ N(B) are linearly independent over 〈∧2A∪{∆+

1 , . . . ,∆
+
r }〉.

Claim (6) follows, since ∆+
1 , . . . ,∆

+
r ,Ψ

+
1 , . . . ,Ψ

+
t are elements of N(〈Y bUA〉) that

are linearly independent over ∧2A.

As above it follows that

(7) δ(K) ≥ δ(K ∩ C) + δ(〈Y bUA〉)− δ(A).

By the selfsufficiency of A in B we obtain that δ(〈Y bUA〉)−δ(A) ≥ 0 and therefore

(8) δ(K) ≥ δ(K ∩ C).

(Σ3)0 follows for all K, as does (Σ3) for all K with dim(K ∩C) ≥ 3. Note that we
have assumed that dim(K) ≥ 3 and K is not moderate. If dim(B) = dim(A) + 1
and δ(B) = δ(A) + 1, then dim(K ∩ C) = dim(K) − 1, |Y b| = 0, |U | = 1, and
δ(〈Y bUA〉)− δ(A) = 1. Therefore (Σ3) follows from (7) in this case.

Now we assume that B is a minimal extension of A that is not realized in C.
The assertion is proved for dim(K ∩C) ≥ 3. If dim(K ∩C) < 3, then we can show
analogously as above that δ(K) ≥ δ(K ∩ B). We use the 2-selfsufficiency of A in
C. Therefore we can assume now that dim(K ∩C) < 3 and dim(K ∩B) < 3. The
following cases are possible: |Y a| = 0, |Y a| = 1, and |Y a| = 2.
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Case |Y a| = 0: By Lemma 4.3 N(K) = N(K−). Therefore δ(K) = dim(K) −
dim(K−) + δ(K−). Since the assertion is already proved for the moderate K−, it
follows for K.

Case |Y a| = 1: Since dim(K ∩ C) < 3 and dim(K ∩B) < 3, |Y b|, |Y c| ≤ 1. Let
Φ be any non-trivial relation in N(K). Note that N(〈Y a〉) = 0 . If Y a = {a}, then
by Lemma 4.3 Φ = a ∧ (u + v), where u ∈ 〈Y bU〉 and v ∈ 〈Y cV 〉. u = 0 or v = 0
is impossible by (Σ3) for B and C. By Lemma 4.4 dim(N(〈{a, u+ v}〉)) = 0 and
therefore dim(N(K)) = 0. Hence δ(K) = dim(K), as desired.

Case |Y a| = 2: By assumption |Y b| = |Y c| = 0. Let Y a be {a1, a2}, |U | = l. We
suppose that there are at least l relations Φi in N(K) that are linearly independent
over N(〈Y a〉) = 〈0〉, and show a contradiction. By Lemma 4.3:

(9) Φi =
∑

s=1,2
1≤t≤l

rist(as ∧ (ut + vt)) + ri0(a1 ∧ a2).

We show that it is possible to replace every ut by another element u+
t of its coset

modulo 〈Y a〉, such that the representation of (9) with respect to this basis Y aU+V
has no summands ri0(a1∧a2). Then we apply Lemma 4.4 and obtain a contradiction.
It follows that dim(N(〈Y a{u1 + v1, . . . , ul + vl}〉)) ≤ l− 1. Therefore δ(K) ≥ 3, as
desired.

To get the desired basis Y aU+V we start with Φ1. Since Φ1 6∈ N(〈Y a〉) there are
s1 and t1 such that r1

s1t1 6= 0. For each i with 2 ≤ i ≤ l we subtract a suitable qiΦ1

from Φi. Therefore we can assume w.l.o.g. that ris1t1 = 0 for 2 ≤ i ≤ l. Using the
linear independence of Φ1, . . . ,Φl over ∧2A we iterate this procedure. Therefore we
can assume w.l.o.g. that there are pairwise distinct pairs (si, ti) such that risiti 6= 0

and rjsiti = 0 for i 6= j. For each t with 1 ≤ t ≤ l we define u+
t :

(i) If there is no i with ti = t, then u+
t = ut.

(ii) If there is exactly one i with ti = t, then u+
t = ut + (−1)3−si(ri0/r

i
siti)a3−si .

(iii) If ti = tj = t for i 6= j, then

u+
t = ut + (−1)3−si(ri0/r

i
sit)a3−si + (−1)3−sj (rj0/r

j
sjt)a3−sj .

Note that in case (iii) si = 3 − sj and sj = 3 − si. Now we write down (9) with
respect to the basis Y aU+V : Let I be the set of all t with 1 ≤ t ≤ l and t 6= tj for
all j. Let Ji be the set of all t with 1 ≤ t ≤ l and t = tj for exactly one j, and this
j is not i.

Φi =
∑
s=1,2
t∈I

rist (as ∧ (ut + vt))

+risiti
(
asi ∧ (uti + vti + (−1)3−si(ri0/r

i
siti)a3−si)

)
+ri3−siti

(
a3−si ∧ (uti + vti + (−1)3−si(ri0/r

i
siti)a3−si)

)
+
∑
tj∈Ji

ri3−sjtj

(
a3−sj ∧ (ut + vt + (−1)3−sj (rj0/r

j
sjtj )a3−sj )

)
=

∑
s=1,2
1≤t≤l

rist
(
as ∧ (u+

t + vt)
)
.

Note that risjtj = 0 for i 6= j. If there is some j 6= i such that tj = ti, then

ri3−siti = risjtj = 0. This finishes the proof of (Σ3) for the situation where B is a
minimal extension of A that is not realized in C.
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Next we show that C is selfsufficient in D. If C ⊆ K, then K is moderate,
K ∩ C = C, and by (3) δ(K) ≥ δ(K ∩ C) = δ(C), as desired. Finally we prove
that B is n-selfsufficient in D. If B ⊆ K and dim(K/B) ≤ n, then K is moderate,
K ∩B = B and by (4) δ(K) ≥ δ(B) + δ(K ∩C)− δ(A). Since dim((K ∩ C)/A) =
dim(K/B) ≤ n, it follows that δ(K) ≥ δ(B) by the n-selfsufficiency of A in C, as
desired.

5. Minimal Extensions

Let D be B?AC as in Theorem 4.1, where A, B, and C are finite structures in S
that satisfy (Σ3), A is a common substructure of B and C, A is selfsufficient in B
and (dim(B/A)+n)-selfsufficient in C. Furthermore we suppose that B is a minimal
extension of A that is not realized in C. By Theorem 4.1 D satisfies (Σ3), C is
selfsufficient in D, and B is n-selfsufficient in D. We consider a minimal extension
K of H (both finite) in D. As defined above, this means that δ(H) = δ(K) but
δ(L) > δ(H) for every L with H ⊆ L ⊆ K and H 6= L 6= K. According to Lemma
4.2 we choose a suitable basis for H in the following way:

Let Y a be a basis for H ∩A.

Let Y b be a sequence such that Y aY b is a basis for H ∩B.

Let Y c be a sequence such that Y aY c is a basis for H ∩ C.

Let Y d be a basis of H over (H ∩B) + (H ∩ C).

(∗)

Then Y aY bY cY d is a suitable basis of H.
Now we start with Y aY bY cY d, which we will extend to a suitable basis for K.

First we choose Xa such that Y aXa is a basis for K ∩ A. Let Xby be a basis of
K ∩ B ∩ (H + C) over (H ∩ B) + (K ∩ A). For every u ∈ Xby we choose a v ∈ C
such that u+v ∈ H. v exists by definition. It follows that v ∈ C∩K. v is uniquely
determined modulo (H ∩ C) + (K ∩ A). Let Xcy be the set of these v’s. Then
Xcy is a basis of K ∩ C ∩ (H + B) over (H ∩ C) + (K ∩ A). By construction we
obtain |Xby| = |Xcy|. For every u ∈ Xby there is exactely one v ∈ Xcy such that
u+ v ∈ H, and for every v ∈ Xcy there is exactely one u ∈ Xby with u + v ∈ H.
Then we choose Xbx and Xcx such that Y aXaY bXbyXbx is a basis for K ∩B and
Y aXaY cXcyXcx is a basis for K ∩ C.

Now Y aXaY bXbyXbxY cXcyXcx is a basis for (K ∩ B) + (K ∩ C). It can be
extended to a basis of K. First we look for a basis of H over (K ∩ B) + (K ∩ C)
and then we extend it to a basis of K. By Lemma 4.2 there are

Y be = {u1, . . . , ul}, Y ce = {v1, . . . , vl},
Xbe = {t1, . . . , tk}, Xce = {w1, . . . , wk}

with the following properties:
•Y aXaY bXbyXbxY beXbe is part of a basis of B,
•Y aXaY cXcyXcxY ceXce is part of a basis of C,
•Y bXbyXbxY beXbeY cXcyXcxY ceXce is linearly independent over A
•Y e = {u1 + v1, . . . , ul + vl} ⊆ H is a basis of H modulo (K ∩ B) + (K ∩ C),

and
•Y aY bY cY eXaXbyXbxXcyXcxXe is a suitable basis of K,

where Xe = {t1 + w1, . . . , tk + wk}. We call it a suitable basis of K that respects
H.
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We also say that XaXbyXbxXcxXe or XaXbxXcyXcxXe respectively is a suit-
able extension of Y aY bY cY d for K. All such terminology refers to the situation
described above.

Lemma 5.1. Assume that K is a minimal extension of H in D.

1. If K+C 6= H+C and K∩C 6= H∩C, then δ((K+C)∩B) < δ((H+C)∩B).
2. If K+B 6= H+B and K∩B 6= H∩B, then δ((K+B)∩C) < δ((H+B)∩C).
3. If K∩C = H∩C, K∩B 6= H∩B, and K 6= H+(K∩B), then δ((K+B)∩C) <
δ((H +B) ∩ C).

4. If K∩B = H∩B, K∩C 6= H∩C, and K 6= H+(K∩C), then δ((K+C)∩B) <
δ((H + C) ∩B).

5. If K ∩ C = H ∩ C, then δ((K + C) ∩B) ≤ δ((H + C) ∩B).
6. If K ∩B = H ∩B, then δ((K +B) ∩ C) ≤ δ((H +B) ∩ C).

Proof. Assume that Y = Y aY bY cY d is a suitable basis of H, and

X = XaXbyXbxXcxXe or X = XaXbxXcyXcxXe

respectively gives us a suitable extension of Y . Let

Y aY bY cY eXaXbyXbxXcyXcxXe

be the corresponding suitable basis for K, where Y e = {u1 + v1, . . . , ul + vl} and
Xe = {t1 + w1, . . . , tk + wk}. Using this suitable basis, we can formulate the
assertions of the lemma in the following way:

1. If ∅ 6= XbxXe 6= X , then

dim(N(〈Xbx{t1, . . . , tk}Y bXby{u1, . . . , ul}A〉))
− dim(N(〈Y bXby{u1, . . . , ul}A〉)) > |Xbx|+ k.

2. If ∅ 6= XcxXe 6= X , then

dim(N(〈Xcx{w1, . . . , wk}Y cXcy{v1, . . . , vl}A〉))
− dim(N(〈Y cXcy{v1, . . . , vl}A〉)) > |Xcx|+ k.

3. If XbxXe = X , Xbx 6= ∅, and Xe 6= ∅, then

dim(N(〈{w1, . . . , wk}Y c{v1, . . . , vl}A〉))
− dim(N(〈Y c{v1, . . . , vl}A〉)) > k.

4. If XcxXe = X , Xcx 6= ∅, and Xe 6= ∅, then

dim(N(〈{t1, . . . , tk}Y b{u1, . . . , ul}A〉))
− dim(N(〈Y b{u1, . . . , ul}A〉)) > k.

5. If XbxXe = X , then

dim(N(〈Xbx{t1, . . . , tk}Y b{u1, . . . , ul}A〉))
− dim(N(〈Y b{u1, . . . , ul}A〉)) ≥ |X |.

6. If XcxXe = X , then

dim(N(〈Xcx{w1, . . . , wk}Y c{v1, . . . , vl}A〉))
− dim(N(〈Y c{v1, . . . , vl}A〉)) ≥ |X |.



A NEW UNCOUNTABLY CATEGORICAL GROUP 3905

We have rephrased the statements of the lemma in the form above since the
proofs use a basic commutator argument.

ad (1) We assume that {u+
1 , . . . , u

+
m} = Xby{u1, . . . , ul} and {v+

1 , . . . , v
+
m} =

Xcy{v1, . . . , vl}. By the minimality of K over H and the assumption we have
dim(N(〈XY 〉)) − dim(N(〈XcxXbyXaY 〉)) > |Xbx|+ k. Let Φ1, . . . ,Φr be a basis
of N(〈(X\Xe)Y 〉) overN(〈(X\XbxXe)Y 〉). Let ∆1, . . . ,∆s be a basis of N(〈XY 〉)
over N(〈(X \Xe)Y 〉). Then r+ s > |Xbx|+ k. First we describe the Φi’s and ∆i’s
as linear combinations of basic commutators with respect to

Y aY bY c{u+
1 , . . . , u

+
m}{v+

1 , . . . , v
+
m}XaXbxXcx{t1, . . . , tk}{w1, . . . , wk}

This set is part of a basis of D. By Lemma 4.3 Φi = Φbi + Φci , where Φbi is a linear
combination of basic commutators over

XaXbx{u+
1 , . . . , u

+
m}Y aY b,

and Φci is a linear combination of basic commutators over

XaXcx{v+
1 , . . . , v

+
m}Y aY c,

and there exists some Ii ∈ ∧2A, such that Φbi + Ii ∈ N(B) and Φci − Ii ∈ N(C).
By assumption every non-trivial combination of the Φi’s contains a basic com-

mutator z ∧ bx,where bx ∈ Xbx. Therefore the (Φbi + Ii)’s are linearly independent
over N(〈Y b{u+

1 , . . . , u
+
m}A〉).

Again by Lemma 4.3: ∆i = ∆b
i+∆c

i+∆be
i +∆ce

i , where ∆b
i is a linear combination

of basic commutators overXaXbxY aY b{u+
1 , . . . , u

+
m}, ∆c

i is a linear combination of
basic commutators over XaXcxY aY c{v+

1 , . . . , v
+
m}, ∆be

i is a linear combination of
basic commutators a∧ti where a ∈ Y aXa, ∆ce

i is obtained from ∆be
i by replacing ti

by wi, and there exists some Ji ∈ ∧2A with ∆b
i+∆be

i +Ji ∈ N(B) and ∆c
i+∆ce

i −Ji ∈
N(C).

Since the ∆i’s are linearly independent over N(〈(X \Xe)Y 〉), every non-trivial
linear combination of them contains some basic commutator a ∧ ti. It follows that
{Φbi + Ii : 1 ≤ i ≤ r} ∪ {∆be

i + ∆b
i + Ji : 1 ≤ i ≤ s} is linearly independent over

N(〈Y b{u+
1 , . . . , u

+
m}A〉), as desired.

ad (2) Obviously (2) is proved analogously to (1).
ad (5) Also for (5) we use the method of (1). For the start, minimality gives

dim(N(〈XY 〉))− dim(N(〈Y 〉)) = |X |.
ad (6) Again (6) is shown as (5).
ad (3) We use the notation of (1). By the minimality we get s > |Xe| = k. The

linear independence of ∆1, . . . ,∆s over N(〈Y Xbx〉) implies that every non-trivial
linear combination of them contains the basic commutators a ∧ ti and a ∧ wi for
some i and a ∈ Y aXa. Therefore the (∆c

i + ∆ce − Ji)’s are linearly independent
over N(〈Y c{v+

1 , . . . , v
+
m}A〉), as desired.

ad (4) We show (4) similarly as (3).

Lemma 5.2. Let K be a minimal extension of H in D. Assume that H ⊆ A.
Let K1, . . . ,Kh be a set of realizations of K over H. Suppose that there is no
realization Ki of this minimal extension over H with (Ki ∩ B) + (Ki ∩ C) = H.
Then either all realizations Ki are in B or all realizations Ki are in C. In the first
case 〈AKi〉 = B or Ki ⊆ A.

Proof. If for some i with 1 ≤ i ≤ h, Ki is contained neither in B nor C, then
either Ki ∩ C 6= H and 5.1 (1) yields δ((Ki + C) ∩ B) < δ(A), contradicting the
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selfsufficiency of A inB, or elseKi∩C = H and 5.1 (3) yields δ((Ki+B)∩C) < δ(A),
which contradicts the (dim(B/A))-selfsufficiency of A in C, as Ki ∩ C ⊆ A.

Thus for each i we have Ki ⊆ B or Ki ⊆ C. If Ki ⊆ B and Ki is not contained
in A, then again by 5.1 (1) we have Ki ∩ C = H, and by 5.1 (5) δ(〈AKi〉) ≤ δ(A),
forcing 〈AKi〉 = B by the minimality of B over A.

Now suppose toward a contradiction that 〈AKi〉 = B and that for some j Kj 6≤
B. Then Kj ≤ C, and by 5.1 (2) and the (dim(B/A))-selfsufficiency of A in C we
find that Kj ∩B = H, and then by 5.1 (6) we get δ(〈KjA〉) = δ(A). Let Φ1, . . . ,Φr
be a basis of N(Ki) modulo N(H), where r = dim(K/H). Then Φ1, . . . ,Φr are
linearly independent modulo ∧2A. Let f be an isomorphism of Ki with Kj over H.
Then f(Φ1), . . . , f(Φr) are linearly independent over ∧2H and hence over ∧2A. As
δ(〈KjA〉) = δ(A), we find that f(Φ1), . . . , f(Φr) form a basis for N(〈AKj〉) over
N(A), and hence f extends to an isomorphic embedding of 〈AKi〉 = B into C, a
contradiction.

Lemma 5.3. Assume that M is a structure in S that satisfies (Σ3). Let K1, . . . ,Kh

be realizations of the minimal extension K1 of H, where H is selfsufficient in M .
Furthermore suppose that Ki 6⊆ 〈

⋃
1≤j<iKj〉 for every i with 1 ≤ i ≤ h. Then for

every i we have: K1, . . . ,Ki are linearly independent over H and δ(〈
⋃

1≤j≤iKj〉) =

δ(H).

Proof. We use induction on i. For i = 1 the assertion is clear. Assume that the
assertion is proved for all j < i. Then δ(〈

⋃
1≤j<iKj〉) = δ(H) and K1, . . . ,Ki−1

are linearly independent over H. By Lemma 3.4

δ(〈
⋃

1≤j≤i
Kj〉) ≤ δ(〈

⋃
1≤j<i

Kj〉) + δ(Ki)− δ(Ki ∩ 〈
⋃

1≤j<i
Kj〉).

By induction and the assumption of the lemma we obtain

δ(〈
⋃

1≤j≤i
Kj〉) ≤ δ(H) + δ(H)− δ(Ki ∩ 〈

⋃
1≤j<i

Kj〉)(1)

Obviously H ⊆ (Ki ∩ 〈
⋃

1≤j<iKj〉) ⊆ Ki. Let us assume that K1, . . . ,Ki are not
linearly independent overH. This and the linear independence ofK1, . . . ,Ki−1 over
H imply the first of the following two inequations: H 6= Ki ∩ 〈

⋃
1≤j<iKj〉 6= Ki.

The second is the assumption of the lemma. By the minimality of Ki over H,
δ(Ki ∩ 〈

⋃
1≤j<iKj〉) > δ(H). By (1) δ(〈

⋃
1≤j≤iKj〉) < δ(H), a contradiction to

the selfsufficiency of H in M . Hence K1, . . . ,Ki are linearly independent over H
and we have Ki ∩ 〈

⋃
1≤j<iKj〉 = H. By (1) δ(〈

⋃
1≤j≤iKj〉) ≤ δ(H), and by the

selfsufficiency of H in M we get equality, as desired.

6. The Second Amalgamation Theorem

Let M be any structure in S that fulfills (Σ3). Assume that H ⊆ K ⊆ M ,
H and K are finite subspaces, and K is a minimal extension of H. Suppose that
K1, . . . ,Kh is a sequence of realizations of K = K1 over H. Let Xi be a basis
of Ki over H. We say that K1, . . . ,Kh (or X1, . . . , Xh respectively) are in free
composition over H, if X1, . . . , Xh are linearly independent over H and if

δ(〈
⋃

1≤j≤h
Kj〉) = δ(H).
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If H is selfsufficient in M and Ki 6⊆ 〈
⋃

1≤j<iKj〉 for all 1 ≤ i ≤ h, then K1, . . . ,Kh

are in free composition over H, by Lemma 5.3. Let Xi be {xi1, . . . , xir} for 1 ≤ i ≤
h. We call X1, . . . , Xh a sequence of compatible bases, if the map fk defined by
fk(x1

j ) = xkj , and f(y) = y for y ∈ H induces an isomorphism of the S - structures
K1 onto Kk over H. Of course a compatible system of bases X1, . . . , Xh over H
exists for every sequence of realizations K1, . . . ,Kh of a minimal extension K1 over
H. Suppose such a system is given. Let Y be a basis of H. Let Φ be any element
of ∧2K1, presented as a linear combination of basic commutators over Y X1. Then
fk(Φ) denotes its image in ∧2Kk, replacing each x1

j by xkj .

Lemma 6.1. Assume that K1 is a minimal extension of H in M . Let X1, . . . , Xh

be a sequence of compatible bases of realizations K1, . . . ,Kh of K1 over H that are
in free composition over H. Let σ be any permutation of 1, . . . , h.

1. For every i with 1 ≤ i ≤ h, we have that 〈
⋃

1≤j≤iKσ(j)〉 is a minimal exten-

sion of 〈
⋃

1≤j<iKσ(j)〉.
2. Let fσ be the map fσ(xij) = x

σ(i)
j and fσ(y) = y for y ∈ H. Then fσ can be

extended to an isomorphism of 〈HX1 . . . Xh〉 onto 〈HX1 . . . Xh〉 that induces
an isomorphism of the corresponding structures in S.

Proof. As above let Y be a basis of H. Let us consider all permutations σ of
1, . . . , h and all i with 1 ≤ i ≤ h. By the minimality of K1 over H there are
Φ1, . . . ,Φr (r = |X |) in N(〈Y X1〉) such that Φ1, . . . ,Φr freely generate N(〈Y X1〉)
over N(H). We consider Φ1, . . . ,Φr as linear combinations of basic commuta-
tors over Y X1. Then every non-trivial linear combination of them contains some
z ∧ x1

j for some 1 ≤ j ≤ r and z ∈ Y X1. Hence fσ(i)(Φ1), . . . , fσ(i)(Φr) in
N(〈Y Xσ(i)〉) are linearly independent over N(H) and also in N(〈Y

⋃
1≤j≤iXσ(j)〉)

over N(〈Y
⋃

1≤j<iXσ(j)〉). From this and δ(
∑

1≤j≤hKj) = δ(H) it follows that

δ(〈Y
⋃

1≤j≤iXσ(j)〉) = δ(H). Hence fσ(i)(Φ1), . . . , fσ(i)(Φr) freely generate

N(〈Y
⋃

1≤j≤iXσ(j)〉) over N(〈Y
⋃

1≤j<iXσ(j)〉). This implies both assertions of
the lemma.

As above, let K1, . . . ,Kh be a sequence of realizations of the minimal extension
K1 of H in M . We assume that they are in free composition over H. Again let
Xj = {xj1, . . . , xjr} for 1 ≤ j ≤ h be a system of compatible bases. Let σ be
any permutation of 1, . . . , h. As above in Lemma 6.1 let fσ be the corresponding
automorphism of the S-structure generated by HX1 . . . Xh in M . We write fi
instead of fσ, if σ is the permutation that only exchanges 1 and i. Let Φ1, . . . ,Φr be
free generators of N(〈HX1〉) over N(H). Then fi(Φ1), . . . , fi(Φr) freely generate
N(HX1Xi) over N(HX1). But also fi(Φ1) − Φ1, . . . , fi(Φr) − Φr do this. By

definition fi(Φj)−Φj for 1 < i ≤ h has the following form, where 0 ≤ αjts < p and

yjt ∈ K: ∑
s<t

αjst
(
(xis ∧ xit)− (x1

s ∧ x1
t )
)

+
∑
t

(yjt ∧ (xit − x1
t )).

Note that αjst and yjt do not depend on i. If we apply a suitable permutation to
the elements of Xj uniformly for all j, then we find some k (1 ≤ k ≤ r) such that

αjts1 = 0 = αjs2t for all j and all s1, s2 if and only if k < t. We introduce the
following notation:
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For 1 ≤ i ≤ h, X+
i = {xi1, . . . , xik} and for 2 ≤ i ≤ h, X−i = {zik+1, . . . , z

i
r},

where zit = xit − x1
t . We choose a linearly independent set Y ⊆ H such that

〈Y 〉 = 〈{yjt : 1 ≤ t ≤ r, 1 ≤ j ≤ r}〉

Then the sequence Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h has the following properties:

(S1): For 2 ≤ i ≤ h the vector space 〈Y X+
1 X

+
2 X

−
2 . . .X+

i X
−
i 〉 is a minimal

extension of 〈Y X+
1 X

+
2 X

−
2 . . . X+

i−1X
−
i−1〉. Also N(〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉)

is freely generated by Φi1, . . . ,Φ
i
r over N(〈Y X+

1 X
+
2 X

−
2 . . . X+

i−1X
−
i−1〉), where

Φij is of the form∑
1≤s<t≤k

αjst
(
(xis ∧ xit)− (x1

s ∧ x1
t )
)

+
∑

1≤t≤k
(yjt ∧ (xit − x1

t )) +
∑
k<t≤r

(yjt ∧ zit).

αjts and yjt do not depend on i, for every t ≤ k there is some s ≤ k and some

j such that αjts 6= 0 or αjst 6= 0, and 〈Y 〉 = 〈{yjt : 1 ≤ t ≤ r, 1 ≤ j ≤ r}〉.
(S2): For every permutation σ of 1, . . . , h with σ(1) = 1 define fσ(y) = y,

fσ(xit) = x
σ(i)
t for 1 ≤ t ≤ k and fσ(zit) = z

σ(i)
t for k < t ≤ r. Then fσ

induces an automorphism of 〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉 and the corresponding

structure in S.
(S3): Let 1 < j. For 1 ≤ t ≤ k define fj(x

i
t) = xit for 2 ≤ i ≤ h and i 6= j,

fj(x
1
t ) = xjt , and fj(x

j
t ) = x1

t . For k < t ≤ r define fj(z
i
t) = zit − zjt for

2 ≤ i ≤ h and i 6= j, and fj(z
j
t ) = −zjt . Then fj induces an automorphism of

〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉 and the corresponding structure in S.

(S1) was already proved above. (S2) follows from Lemma 6.1. To obtain (S3)
we repeat our considerations with Xj and X1 exchanged, and compare the result
with the situation in (S1) via Lemma 6.1.

Now we have to realize that there are many ways to choose a sequence of compat-
ible bases X1, . . . , Xh of K1, . . . ,Kh over H. Among all such, we choose one that
gives us first a minimal k in (S1), and then a minimal 〈Y 〉 in (S1). Let X+

i −X+
1

be {xit − x1
t : 1 ≤ t ≤ k}.

We call a vector space automorphism f of 〈Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h 〉 well-tolerated

if
(a) f(y) = y for y ∈ Y , f(〈Y X+

i 〉) = 〈Y X+
i 〉, f(〈(X+

i − X+
1 )X−i 〉) = 〈(X+

i −
X+

1 )X−i 〉,
(b) for 1 ≤ i, j ≤ h the equality f(xit) = y +

∑
1≤s≤k γsx

i
s holds if and only if

f(xjt ) = y +
∑

1≤s≤k
γsx

j
s where y ∈ Y,

(c) for 2 ≤ i, j ≤ r the equality f(zit) =
∑

1≤s≤k ηs(x
i
s−x1

s)+
∑
k<s≤r ηsz

i
s holds

if and only if

f(zjt ) =
∑

1≤s≤k
ηs(x

j
s − x1

s) +
∑
k<s≤r

ηsz
j
s.

Note that a well-tolerated automorphism f of 〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉 as above

can be extended to a vector space automorphism g of 〈Y X1, . . . , Xh〉 with g(〈Y Xi〉)
= 〈Y Xi〉. By our choice of Y,X1, . . . , Xh we obtain:
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(S4): For every well-tolerated automorphism f of 〈Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h 〉 the

sequence Y f(X+
1 )f(X+

2 )f(X−2 ) . . . f(X+
h )f(X−h ) again satisfies (S1) with the

same k and 〈Y 〉, (S2), and (S3).

Now let Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h be any sequence with X+

i = {xi1, . . . , xik} and

X−i = {zik+1, . . . , z
i
r}. We call Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h a reduced k-sequence, if

Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h is linearly independent and Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h fulfills

(S1), (S2), (S3), and (S4).
Let (Σ4)m be the following property:

(Σ4)m: For every reduced k-sequence Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h in M with k +

|Y |, r < m we obtain

h ≤ 2(max{k + |Y |, r}) + 1.

Furthermore we define:

(Σ4): For every reduced k-sequence Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h we obtain h ≤

2(max{k + |Y |, r}) + 1.

In the following lemma we summarize some trivial facts about reduced k-sequences:

Lemma 6.2. Let Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h be a reduced k-sequence.

1. |Y | ≤ r2.
2. Linear combinations of the relations Φi1, . . . ,Φ

i
r in (S1) are again of the form

described in (S1).
3. The composition of two well-tolerated automorphisms is again well-tolerated.

Therefore we can iterate (S4).
4. Assume that M fulfills (Σ4). If K1, . . . ,Kh are realizations of a minimal

extension of H that are in free composition over H, then h ≤ 2 dim(K1) + 1.

Proof. To prove (4) we construct a reduced k-sequence from H and K1, . . . ,Kh as
described above. Then the assertion follows.

By Lemma 6.2.3 the application of well-tolerated automorphisms transforms a
reduced k-system into a reduced k-system again. As above let A, B, and C be
finite structures in S that fulfill (Σ3). Assume that A is a common substructure of
B and C, and that A is selfsufficient in B and (dim(B/A)+2+ l)-selfsufficient in C
for some l. Let D be B ?A C. By Theorem 4.1 D fulfills (Σ3)0. Often we assume,
furthermore, that B is a minimal extension of A that is not realized in C. Then D
fulfills (Σ3).

Lemma 6.3. Assume A, B, C, and D = B?AC in S are chosen as described above
such that D fulfills (Σ3)0. Let Y X+

1 X
+
2 X

−
2 . . .X+

h X
−
h be a reduced k-sequence in

D with 0 < k. Assume that Y is a suitable basis of 〈Y 〉.
1. If 〈Y X+

1 X
+
2 〉 ∩ C = 〈Y 〉 ∩ C, then 〈Y X+

1 X
+
2 〉 = 〈Y 〉+ (〈Y X+

1 X
+
2 〉 ∩B).

2. If 〈Y X+
1 〉 ∩C = 〈Y 〉 ∩C, and 〈Y X+

1 X
+
2 〉 ∩B = 〈Y X+

1 〉 ∩B, then 〈Y X+
1 〉 =

〈Y 〉+(〈Y X+
1 〉∩B), 〈Y X+

2 〉 = 〈Y 〉+(〈Y X+
2 〉∩C), and 〈Y X+

1 X
+
2 〉 = 〈Y X+

1 〉+
(〈Y X+

1 X
+
2 〉 ∩ C).

3. If 〈Y X+
1 X

+
2 〉 ∩B = 〈Y 〉 ∩B, then 〈Y X+

1 X
+
2 〉 = 〈Y 〉+ (〈Y X+

1 X
+
2 〉 ∩ C).

4. If 〈Y X+
1 〉∩B = 〈Y 〉∩B and 〈Y X+

1 X
+
2 〉∩C = 〈Y X+

1 X
+
2 〉∩C, then 〈Y X+

1 〉 =
〈Y 〉+(〈Y X+

1 〉∩C), 〈Y X+
2 〉 = 〈Y 〉+(〈Y X+

2 〉∩B), and 〈Y X+
1 X

+
2 〉 = 〈Y X+

1 〉+
(〈Y X+

1 X
+
2 〉 ∩B).
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Proof. Since we use bases in our proofs, we write the lemma in the language of
suitable bases:

1. Assume that Y S+bx
1 S+e

1 is a suitable basis for 〈Y X+
1 〉. If Y S+bx

2 S+e
2 is

a suitable basis for 〈Y X+
2 〉 and Y S+bx

1 S+e
1 Z+bx

2 Z+e
2 is a suitable basis for

〈Y X+
1 X

+
2 〉, then S+e

1 = S+e
2 = Z+e

2 = ∅.
2. Assume that Y S+bx

1 S+e
1 is a suitable basis for 〈Y X+

1 〉. If Y S+cx
2 S+e

2 is

a suitable basis for 〈Y X+
2 〉 and Y S+bx

1 S+e
1 Z+cx

2 Z+e
2 is a suitable basis for

〈Y X+
1 X

+
2 〉, then S+e

1 = S+e
2 = Z+e

2 = ∅.
3. Assume that Y S+cx

1 S+e
1 is a suitable basis for 〈Y X+

1 〉. If Y S+cx
2 S+e

2 is
a suitable basis for 〈Y X+

2 〉 and Y S+cx
1 S+e

1 Z+cx
2 Z+e

2 is a suitable basis for
〈Y X+

1 X
+
2 〉, then S+e

1 = S+e
2 = Z+e

2 = ∅.
4. Assume that Y S+cx

1 S+e
1 is a suitable basis for 〈Y X+

1 〉. If Y S+bx
2 S+e

2 is

a suitable basis for 〈Y X+
2 〉 and Y S+cx

1 S+e
1 Z+bx

2 Z+e
2 is a suitable basis for

〈Y X+
1 X

+
2 〉, then S+e

1 = S+e
2 = Z+e

2 = ∅.
We show (1) and (2). The proofs of (3) and (4) are similar, since we do not use
that A is selfsufficient in B and (dim(B/A) + 2 + l)-selfsufficient in C.

We start with the proof of (1). First we assume that Z+e
2 6= ∅ and show a contra-

diction. We rewrite (S1) with respect to Y S+bx
1 S+e

1 Z+bx
2 Z+e

2 to get a contradiction
with the help of Lemma 4.3. First we apply several well-tolerated automorphisms
of 〈Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h 〉 to make this easier.

By (S4) we can assume w.l.o.g. that

(1) X+
2 = S+bx

2 S+e
2 .

Then there exists k0 such that 1 ≤ k0 ≤ k and {x2
1, . . . , x

2
k0
} = S+bx

2 . Using the

notation of (S3) we have x1
i = f−1

2 (x2
i ). Using (S4) for a suitable well-tolerated

automorphism, we can assume that (1) remains true and w.l.o.g.:

(2) For every i with 1 ≤ i ≤ k0 either x1
i + w 6∈ B for all w ∈ 〈Y {x1

1, . . . , x
1
i−1}〉

or there exists some yi ∈ 〈Y 〉 such that x1
i − yi ∈ B.

In the first case we define u1
i = x1

i , and in the second u1
i = x1

i − yi. Y {u1
1, . . . , u

1
k0
}

can be extended to a suitable basis of 〈Y X+
1 〉. By application of (S4) to well-

tolerated automorphisms of the form f(xji ) = xji −
∑
l<i rlx

j
l − y, where y ∈ 〈Y 〉

and k0 < i, and then of the form of a suitable permutation, we can assume w.l.o.g.
that (1) and (2) remain true and:

(3) There exists k1 with k0 ≤ k1 ≤ k such that {u1
i : 1 ≤ i ≤ k0, ui ∈ B} ∪

{x1
k0+1, . . . , x

1
k1
} can be considered as S+bx

1 and {u1
i : 1 ≤ i ≤ k0, ui 6∈ B}

∪ {x1
k1+1, . . . , x

1
k} as S+e

1 .

For k0 ≤ i ≤ k we define u1
i = x1

i . Then S+bx
1 can be chosen as the sequence

of all u1
i with u1

i ∈ B and S+e
1 as the sequence of all u1

i with u1
i 6∈ B. We have

X+
2 = S+bx

2 S+e
2 . But X+

1 6= S+bx
1 S+e

1 is possible. To obtain equality as sets we

have to add the yi’s, as defined above in (2). Now we want to extend Y S+bx
1 S+e

1

to a suitable basis of 〈Y X+
1 X

+
2 〉. By assumption of the lemma 〈Y X+

1 X
+
2 〉 has a

suitable basis of the form Y S+bx
1 S+e

1 Z+bx
2 Z+e

2 . Therefore

(4) Y Sbx1 S+e
1 {x2

1, . . . , x
2
k0
} is an initial part of a suitable basis of 〈Y X+

1 X
+
2 〉.

We define u2
i = x2

i for 1 ≤ i ≤ k0. For k0 < i we define either
(a) u2

i = x2
i , if x2

i is not in B modulo 〈Y S+e
1 {u2

j : j < i}〉
or otherwise
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(b) u2
i = x2

i −w+
i , where u2

i ∈ B \A and w+
i ∈ 〈Y cY dS+e

1 {u2
l : l < i, u2

l 6∈ B}〉.

Since by (3) x1
i = u1

i ∈ S+bx
1 for k0 < i ≤ k1 and x1

i = u1
i ∈ S+e

1 for k1 < i ≤ k,

we can apply (S4) again for well-tolerated automorphisms defined by f(xji ) = xji −∑
k0<l<i

rlx
j
l . Then (1), (2), (3), and (4) remain true, and

in case (b) w+
i ∈ 〈Y cY dS+e

1 〉.(5)

Now we can regard {uji : j ∈ {1, 2}, 1 ≤ i ≤ k} as another enumeration of

S+bx
1 S+e

1 Z+bx
2 Z+e

2 . We have the following connections with the basis Y X+
1 X

+
2 :

u1
i = x1

i − yi for 1 ≤ i ≤ k0, where yi ∈ 〈Y 〉, and yi 6= 0 implies u1
i ∈ S+bx

1

u2
i = x2

i ∈ B for 1 ≤ i ≤ k0,
u1
i = x1

i for k0 < i ≤ k, and
u2
i = x2

i − w+
i for k0 < i ≤ k, where w+

i = 0 if u2
i 6∈ B and w+

i ∈ 〈Y cY dS+e
1 〉

otherwise.

First we show that Z+e
2 = ∅. That means that all u2

i are in B. Otherwise there
is some u2

i0
6∈ B. Then k0 < i0 and u2

i0
occurs in the unique representation of the

xlj ’s (l = 1, 2) with respect to the basis Y {u1
i : 1 ≤ i ≤ k}{u2

i : 1 ≤ i ≤ k} in

the case l = 2 and j = i0 only. By (S1) we know that N(〈Y X+
1 X

+
2 X

−
2 〉) is freely

generated by some Φ2
1, . . . ,Φ

2
r over N(〈Y X+

1 〉) that are of the following form:

∑
1≤s<t≤k

αjst
(
(x2
s ∧ x2

t )− (x1
s ∧ x1

t )
)

+
∑

1≤t≤k
(yjt ∧ (x2

t − x1
t )) +

∑
k<t≤r

(yjt ∧ z2
t ).

For every t with 1 ≤ t ≤ k there exist s and j such that s < t and αjst 6= 0 or

t < s and αjts 6= 0. Choose l and j such that l < i0 and αjli0 6= 0 or i0 < l and

αji0l 6= 0. If Φ2
j is rewritten with respect to Y {u1

i : 1 ≤ i ≤ k}{u2
i : 1 ≤ i ≤ k}, then

u2
l ∧ u2

i0 or u2
i0 ∧ u2

l respectively occurs exactly once in this representation of Φ2
j .

(5) is used. But this contradicts Lemma 4.3, if we consider a suitable basis of D
that is consistent with Y {u1

1, . . . , u
1
k}{u2

1, . . . , u
2
k}.

It remains to show that S+e
1 = ∅. Then S+e

1 = ∅ and Z+e
2 = ∅ imply S+e

2 = ∅.
Let us assume that S+e

1 6= ∅. For u1
i0
∈ S+e

1 we have u1
i0

= x1
i0

. If u1
i0

is not

involved in the representation of any w+
j with respect to Y cY dS+e

1 , then we obtain
a contradiction as above:

We rewrite Φ2
1, . . . ,Φ

2
r in (S1) with respect to Y {u1

1, . . . , u
1
k}{u2

1, . . . , u
2
k}. Then

there is some Φ2
j and some t such that Φ2

j contains exactly once the basic commu-

tator u1
i0
∧ u1

t or u1
t ∧ u1

i0
respectively. Again this is impossible by Lemma 4.3.

Therefore we assume now that u1
i0

occurs in some w+
m. For all i with k0 < i ≤ k

we define w+
i = qiui0 +wi, where wi ∈ 〈Y cY d(S+e

1 \{u1
i0})〉. By assumption qm 6= 0.

Then k0 < m. We want to procduce a situation such that qi 6= 0 for exactly one
i. Otherwise we fix m minimal with qm 6= 0. We need m 6= i0. If i0 ≤ k0, then
this is true. If k0 < i0, then k1 < i0 by (3). In the case k1 < i0 = m we choose
another m1 with qm1 6= 0. Then m < m1. We can exchange xjm and xjm1

by (S4).
By construction (1), (2), (3), (4), and (5) remain true. Therefore we can assume
w.l.o.g. that m 6= i0 and m is minimal. Now we use (S4) again and apply the
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following well-tolerated automorphism determined by

f(xji ) =

{
xji − (qi/qm)xjm if m < i and x2

i = u2
i + qiu

1
i0

+ wi,

xji otherwise.

In the first case of the definition we have

f(x2
i )=u

2
i + qiu

1
i0

+ wi − (qi/qm)(u2
m + qmu

1
i0

+ wm)
=(u2

i − (qi/qm)u2
m) + (wi − (qi/qm)wm)

and f(x1
i ) = x1

i − (qi/qm)x1
m.

Note that u1
i = x1

i for u1
i ∈ S+e

1 ; in particular, u1
i0

= x1
i0

. Since m 6= i0 we have
for k0 ≤ i ≤ m

wi ∈ 〈Y cY df(S+e
1 ) \ {f(x1

i0)}〉

and for m < i

wi − (qi/qm)wm ∈ 〈Y eY df(S+e
1 \ {f(x1

i0)}〉.

Hence after this application of (S4) we can assume that all our assumptions remain
true and that x1

i0
= u1

i0
occurs in w+

m = qmu
1
i0

+ wm where qm 6= 0 but in no other

w+
i with respect to the basis Y cY dS+e

1 . Again we rewrite (S1) with respect to the
basis

Y {u1
1, . . . , u

1
k}{u2

1, . . . , u
2
k}.

Then there is some Φ2
j in N(〈Y X+

1 X
+
2 X

−
2 〉) and some t such that αjmt 6= 0 or

αjtm 6= 0, and u1
i0 ∧ u

2
t or u2

t ∧ u1
i0 occurs in the representation of (S1) exactly once.

Again we have a contradiction to Lemma 4.3.
To prove (2) we apply (S4) similarly as above and obtain:

(6) X+
2 = S+cx

2 S+e
2 , which means {x2

1, . . . , x
2
k0
} = S+cx

2 and {x2
k0+1, . . . , x

2
k} =

S+e
2 .

(7) For 1 ≤ i ≤ k0 either x1
i = u1

i ∈ S+e
1 , or there exists yi ∈ 〈Y 〉 with u1

i =

x1
i − yi ∈ S+bx

1 .
(8) There exists k1 such that k0 ≤ k1 ≤ k,

{u1
i : 1 ≤ i ≤ k0, u

1
i ∈ B}{x1

k0+1, . . . , x
1
k1
}

can be considered as S+bx
1 , and

{u1
i : 1 ≤ i ≤ k0, u

1
i 6∈ B}{x1

k1+1, . . . , x
1
k}

can be considered as S+e
1 .

We define u1
i = x1

i for k0 < i ≤ k. Since Y S+bx
1 S+e

1 Z+cx
2 Z+e

2 is a suitable basis for
〈Y X+

1 X
+
2 〉, we have:

(9) Y S+bx
1 S+e

1 {x2
1, . . . , x

2
k0
} is the initial part of a suitable basis of 〈Y X+

1 X
+
2 〉.

We define u2
i = x2

i for 1 ≤ i ≤ k0. As in the proof of 1) we get w.l.o.g.:

(10) For k0 < i

(a) either u2
i = x2

i is not in C modulo 〈Y S+bx
1 S+e

1 {u2
j : j < i}〉,

(b) or u2
i = x2

i − w+
i is in C for some w+

i ∈ 〈Y bY dS+bx
1 S+e

1 〉.



A NEW UNCOUNTABLY CATEGORICAL GROUP 3913

In the first case u2
i is in Z+e

2 and in the second case u2
i is in Z+cx. First we show

that Z+e
2 = ∅. If u2

i ∈ Z+e
2 , then we know by (10) that it does not occur in the

representation of any w+
j . Therefore we obtain a contradiction as in the proof of 1.

The next step is to show that S+e
1 = ∅. As above we assume that some u1

i0
∈ S+e

1 .

Then u1
i0

= x1
i0

. If u1
i0

is not in the representation of some w+
j , then we obtain a

contradiction as above. Otherwise we show that we can assume w.l.o.g. that ui0
occurs exactly once in some w+

j and get a contradiction.

It remains to show that S+e
2 = ∅. If S+e

2 6= ∅, then by (6) and S+e
1 = ∅ we have

k0 < k1 = k, and x2
i ∈ S+e

2 for all i > k0. Then x2
i = u2

i + w+
i , where u2

i ∈ C and

w+
i ∈ 〈Y bY dS+bx

1 〉 as in (10b) for i > k0. w+
i has to contain some u1

l of S+bx
1 , since

Z+e
2 = ∅. As in the proof of (1) we can show that w.l.o.g. some u1

l occurs in w+
k0+1

but not in any w+
i with i > k0 + 1. Again we get a contradiction to Lemma 4.3,

since some Φ2
j in (S1) has to contain a basic commutator u2

t ∧u1
l or u1

l ∧u2
t exactly

once, where u2
t ∈ Zcx2 and u1

l ∈ S+bx
1 , a contradiction.

Now all our efforts are concentrated on the proof of the following:

Lemma 6.4. Assume that A, B, and C are finite structures in S that satisfy
(Σ3) and (Σ4)m. Let A be a common substructure of B and C, B a minimal
extension of A that is not realized in C, and let A be n-selfsufficient in C, where
2m2, dim(B/A) + 2 ≤ n. Let D be B ?A C. Then C is selfsufficient in D, B is
n-selfsufficient in D, and D satisfies (Σ3) and (Σ4)m.

By Theorem 4.1 it remains to show (Σ4)m for D. Before we start we need three
further lemmas.

Lemma 6.5. Assume the situation of Lemma 6.4. Let Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h be

a reduced k-sequence with r, |Y | + k < m. For 2 ≤ j ≤ h we suppose that neither
〈Y X+

1 X
+
j X

−
j 〉 ∩ C = 〈Y X+

1 〉 ∩ C nor 〈Y X+
1 X

+
j X

−
j 〉 ∩ B = 〈Y X+

1 〉 ∩ B occurs.

Then h ≤ 2(max{|Y |+ k, r}) + 1.

Proof. Let Q = QaQbQcQd be a suitable basis of 〈Y X+
1 〉 that respects 〈Y 〉. Assume

that Saj S
by
j S

bx
j S

cx
j S

e
j is a suitable extension ofQ for 〈QX+

j X
−
j 〉. By the assumptions

of the lemma at least one of the following conditions is fulfilled:

(a) Sbxj S
cx
j S

e
j = ∅.

(b) Sbxj S
e
j 6= ∅ and Saj S

by
j S

cx
j 6= ∅.

(c) Scxj S
e
j 6= ∅ and Saj S

by
j S

bx
j 6= ∅.

Let K be an extension of H. In the previous section, before Lemma 5.1, we de-
scribed how to find a suitable basis of K, respecting a given suitable basis of H.
Q = QaQbQcQd is a suitable basis of 〈Y X+

1 〉 that respects 〈Y 〉. That means the
following by definition:

Qa = Y aZa1 , Qb = Y bZby1 Zbx1 , Qc = Y cZcy1 Zcx1 , Qd = Y e1Ze1 ,

where Y aY bY cY d with Y d = Y e1{u + v ∈ 〈Y 〉 : u ∈ Zby1 , v ∈ Zcy1 } is a suitable
basis of 〈Y 〉. This is the first step in an induction on j ≤ h. For 1 ≤ j ≤ h we

construct Zj = Zaj Z
by
j Z

bx
j Z

cx
j Z

e
j and Zcyj , Y

ej , Zej1 , . . . , Z
ej
j−1, Z

ej
j = Zej such that:

• For every u ∈ Zbyj there is exactly one v ∈ Zcyj , and conversely for every

v ∈ Zcyj there is exactly one u ∈ Zbyj , such that

u+ v ∈ 〈Y X+
1 X

+
2 X

−
2 . . .X+

j−1X
−
j−1〉.
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• 〈Y 〉 has the suitable basis

Y aY bY cY ej{u+ v ∈ 〈Y 〉 : u ∈ Zbyk , v ∈ Z
cy
k , 1 ≤ k ≤ j},

where Y a is a basis of 〈Y 〉 ∩ A, Y aY b is a basis of 〈Y 〉 ∩ B, Y aY c is a basis
of 〈Y 〉 ∩C, and

Y ej{u+ v ∈ 〈Y 〉 : u ∈ Zbyk , v ∈ Zbck , 1 ≤ k ≤ j}
is the part that is linearly independent over (〈Y 〉 ∩B) + (〈Y 〉 ∩ C).
• 〈Y X+

1 〉 has the suitable basis

Y aZa1 Y bZby1 Zbx1 Y cZcy1 Zcx1 Y ejZej1 {u+ v ∈ 〈Y X+
1 〉 :

u ∈ Zbyk , v ∈ Z
cy
k , 2 ≤ k ≤ j},

where Y aZa1 is a basis of 〈Y X+
1 〉∩A, Y aZa1Y

bZby1 Zbx1 is a basis of 〈Y X+
1 〉∩B,

Y aZa1Y
cZcy1 Zcx1 is a basis of 〈Y X+

1 〉 ∩ C, and

Y ejZej1 {u+ v ∈ 〈Y X+
1 〉 : u ∈ Zbyk , v ∈ Z

cy
k , 2 ≤ k ≤ j}

is a basis of 〈Y X+
1 〉 over (〈Y X+

1 〉 ∩B) + (〈Y X+
1 〉 ∩ C).

• For 〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 with 1 < i ≤ j we obtain a basis

Y aZa1Z
a
2 . . . Z

a
i , Y

bZby1 Zbx1 Zby2 Zbx2 . . . Zbyi Z
bx
i , Y

cZcy1 Zcx1 Zcy2 Zcx2 . . . Zcyi Z
cx
i ,

Y ejZej1 Z
ej
2 . . . Zeji {u+ v ∈ 〈Y X+

1 X
+
2 X

−
2 . . .X+

i X
−
i 〉 :

u ∈ Zbyk , v ∈ Z
cy
k , i < k ≤ j},

where the a-part is a basis for

〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 ∩A,

the union of the a-part and the b-part is a basis for

〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 ∩B,

the union of the a-part and the c-part is a basis for

〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 ∩ C,

and the remaining part is a basis of

〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉

over (〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 ∩B) + (〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉 ∩C).

The Zj are constructed by induction on j. Assume Zj has been built; we start

the construction of Zj+1. Zaj+1 is obtained as usual. Then Zbyj+1 =
⋃

0≤i≤j Z
by
j+1(i)

and Zcyj+1 =
⋃

0≤i≤j Z
cy
j+1(i), where Zbyj+1(i) and Zcyj+1(i) are obtained by induction

on i. Let Zbyj+1(0) be a basis of (〈Y 〉 + C) ∩ B ∩ 〈Y X+
1 X

+
2 X

−
2 . . . X+

j+1X
−
j+1〉 over

(B ∩ 〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉) + 〈Zaj+1〉. To get Zcyj+1(0), choose for every u ∈

Zbyj+1(0) some v in C such that u+v ∈ 〈Y 〉. If Zbyj+1(i) and Zcyj+1(i) are constructed,

then define Zbyj+1(i + 1) to be a basis of (〈Y X+
1 X

+
2 X

−
2 . . . X+

i+1X
−
i+1〉 + C) ∩ B ∩

〈Y X+
1 X

+
2 X

−
2 . . .X+

j+1X
−
j+1〉 over

(B ∩ 〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉) + 〈Zaj+1Z

by
j+1(0) . . . Zbyj+1(i)〉
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To obtain Zcyj+1(i + 1) we choose for every u ∈ Zbyj+1(i + 1) some v ∈ C such that

u + v ∈ 〈Y X+
1 X

+
2 X

−
2 . . . X+

i+1X
−
i+1〉. Then Zbxj+1 and Zcxj+1 are obtained as usual.

Y e(j+1) is a basis of 〈Y 〉 over

(〈Y X+
1 X

+
2 X

−
2 . . . X+

j+1X
−
j+1〉 ∩B) + (〈Y X+

1 X
+
2 X

−
2 . . . X+

j+1X
−
j+1〉 ∩ C)

and, for 1 ≤ i ≤ j + 1, Z
e(j+1)
i is a basis of 〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉 over

(〈Y X+
1 X

+
2 X

−
2 . . . X+

j+1X
−
j+1〉 ∩B)

+ (〈Y X+
1 X

+
2 X

−
2 . . . X+

j+1X
−
j+1〉 ∩ C) + 〈Y ej+1Z

e1
j+1 . . . Z

e(j+1)
i−1 〉.

Now after modifying Y d and all Zej we can assume:

Y d = Y eh{u+ v ∈ 〈Y 〉 : u ∈ Zbyl , v ∈ Z
cy
l for some l with 1 ≤ l ≤ h}

and

Zej = Zehj {u+ v ∈ 〈Zej 〉 : u ∈ Zbyl , v ∈ Z
cy
l for some l with j < l ≤ h}

for 1 ≤ j ≤ h. We say:

Y Z1 . . . Zh gives us a suitable basis of 〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉

that respects 〈Y 〉, 〈Y X+
1 〉, . . . , 〈Y X+

1 X
+
2 X

−
2 . . .X+

h−1X
−
h−1〉.

If Zj = Zaj Z
by
j , then we can carry out the procedure above so that we have

Z+
j = Z+a

j Z+by
j as a suitable extension for

〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1X

+
j 〉

over 〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1〉 and Z−j = Z−aj Z−by as a suitable extension for

〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉

over 〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1X

+
j 〉.

Note that Qd = Y dZe1 . We suppose that Qd = {u1 + v1, . . . , ul1 + vl1}. By our
assumption either ui + vi is not in

(B ∩ 〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉) + (C ∩ 〈Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h 〉)

or ui ∈ Zbyj and vi ∈ Zcyj for some j with 2 ≤ j ≤ h. Define U1 = Qb{u1, . . . , ul1},
V1 = Qc{v1, . . . , vl1}, and W1 = Qa.

If Uj−1, Vj−1, and Wj−1 are defined and Zj = Zaj Z
by
j Z

bx
j Z

cx
j Z

e
j , where Zej =

{ulj−1+1 + vlj−1+1, . . . , ulj + vlj}, then we define

Uj = Uj−1Z
bx{ulj−1+1, . . . , ulj},

Vj = Vj−1Z
cx{vlj−1+1, . . . , vlj}, and

Wj = Wj−1Z
a
j .

By assumption ui + vi ∈ Zej is either not in

(B ∩ 〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉) + (C ∩ 〈Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h 〉)

or ui ∈ Zbyl and vi ∈ Zcyl for some l with j < l ≤ h.
Now the fact that (a), (b), or (c) is true implies that one of the following condi-

tions is fulfilled:

I. Zbxj Z
cx
j Z

e
j = ∅.

II. Zbxj Z
e
j 6= ∅ and Zaj Z

by
j Z

cx
j 6= ∅.

III. Zcxj Z
e
j 6= ∅ and Zaj Z

by
j Z

bx
j 6= ∅.
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First we assume that Y = Y a ⊆ A and there is some X+
j ⊆ A. By (S3) w.l.o.g.

X+
1 ⊆ A. The case X+

1 = ∅ (k = 0) is included. Then Q = Qa ⊆ A. By (S1) a
suitable basis of 〈Y X+

1 X
+
j X

−
j 〉 cannot be of the form QSej for any j. If k = 0, use

Lemma 4.4. Hence (〈Y X+
1 X

+
j X

−
j 〉 ∩ B) + (〈Y X+

1 X
+
j X

−
j 〉 ∩ C) 6= 〈Y X+

1 〉 for all

j. Then Lemma 5.2 implies that either all X+
j X

−
j are in B or they are all in C.

(Σ4)m for B and C gives the assertion. In all other cases we prove the following
claim (11) that implies the assertion, as we will explain.

(11) There are functions f and g with f(1) = g(1) = 0 and f(i − 1) ≤ f(i),
g(i − 1) ≤ g(i) for 2 ≤ i ≤ h and relations ∆1, . . . ,∆f(j) ∈ N(B) and
Θ1, . . . ,Θg(j) ∈ N(C) such that for 2 ≤ j ≤ h:
(i) If we have Case II, then f(j) = f(j − 1) + |Uj \ Uj−1|+ 1.
(ii) If we have Case III, then g(j) = g(j − 1) + |Vj \ Vj−1|+ 1.
(iii) If we have Case I, then f(j − 1) ≤ f(j) ≤ f(j − 1) + 1, g(j − 1) ≤ g(j) ≤

g(j − 1) + 1, and f(j) = f(j − 1) + 1 or g(j) = g(j − 1) + 1.
(iv) ∆1, . . . ,∆f(j) are linearly independent over ∧2A.

(v) Θ1, . . . ,Θg(j) are linearly independent over ∧2A.

(vi) If f(j − 1) < i ≤ f(j), then ∆i is in (∧2〈UjWj〉 + ∧2A) ∩ N(B). If ∆i

is written as a linear combination of basic commutators with respect to
a suitable basis of D that extends UjWj , then every ul that is not in⋃

2≤s≤j Z
by
s occurs in basic commutators of the form a ∧ u only, where

a ∈ A.
(vii) If g(j − 1) < i ≤ g(j), then Θi is in (∧2〈VjWj〉 + ∧2A) ∩ N(C).If Θi

is written as a linear combination of basic commutators with respect to
a suitable basis of D, that extends VjWj , then every vl, that is not in
∪2≤s≤jZ

cy
s , occurs in basic commutators of the form a ∧ v only, where

a ∈ A.

First we show that (11.i-vii) implies h ≤ 2(k + |Y |) + 1. Otherwise w.l.o.g.
h = 2(k + |Y |) + 2. By (11.i-iii) we have

(f(h)− |Uh \ U1|) + (g(h)− |Vh \ V1|) ≥ h− 1 > 2(k + |Y |).
It follows that

f(h) > k + |Y |+ |Uh| − |U1| ≥ |Uh| or g(h) > k + |Y |+ |Vh| − |V1| ≥ |Vh|.
By (11.iv) or (11.v) respectively we have

dim(N(〈UhA〉))− dim(N(A)) > |Uh|, or dim(N(〈VhA〉))− dim(N(A)) > |Vh|.
This is equivalent to

δ(〈UhA〉) < δ(A) or δ(〈VhA〉) < δ(A).

The first inequality contradicts the self-sufficiency of A in B. Note that

|Vh| ≤ |Y |+ |X+
1 |+ (h− 1)|X+

2 X
−
2 | < 2m2,

because k + |Y |, r < m. Therefore the second inequality contradicts the 2m2-
selfsufficiency of A in C.

Now we assume that Y 6⊆ A or Y ⊆ A but no X+
j is in A. To prove (11) by

induction on j we suppose that (11) is true for j − 1.
First we show (11) for j in the Cases II and III. Let us assume Case II; Case III is

similar. We have Zbxj Z
e
j 6= ∅ and Zaj Z

by
j Z

cx
j 6= ∅. Then f(j) = f(j−1)+|Zbxj Zej |+1.
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Since 〈QZ2 . . . Zj〉 is a minimal extension of 〈QZ2 . . . Zj−1〉, we obtain

δ(〈QZ2 . . . Zj−1Z
a
j Z

by
j Z

cx
j 〉) > δ(〈QZ2 . . . Zj−1〉) = δ(〈QZ2 . . . Zj〉).

Therefore

dim(N(〈QZ2 . . . Zj〉)) − dim(N(〈QZ2 . . . Zj−1Z
a
j Z

by
j Z

cx
j 〉)) > |Zbxj Zej |

Denote |Zbxj Zej | + 1 = f(j) − f(j − 1) by s. We choose relations Φ1, . . . ,Φs in
N(〈QZ2 . . . Zj〉) that are linearly independent over

N(〈QZ2 . . . Zj−1Z
a
j Z

by
j Z

cx
j 〉).

This is equivalent to the following:

Every non-trivial linear combination of Φ1, . . .Φs considered as

a linear combination of basic commutators over QZ2 . . . Zj

contains a basic commutator with an element of Zbxj Z
e
j .

If we rewrite Φi as a linear combination of basic commutators with respect to
UjVjWj then by Lemma 4.3 Φi = Φbi + Φci , where Φbi ∈ ∧2〈WjUj〉, Φci ∈ ∧2〈WjVj〉,
and there is some Ji ∈ ∧2A such that Φbi+Ji ∈ N(B) and Φci−Ji ∈ N(C). We define
∆f(j−1)+i = Φbi + Ji. Then ∆f(j−1)+i ∈ (∧2〈WjUj〉+ ∧2A) ∩N(B). By construc-
tion every non-trivial combination of ∆f(j−1)+1, . . . ,∆f(j), represented as a linear
combination of basic commutators over a suitable basis of D that extends WjUj,
contains a basic commutator with an element of Uj \Uj−1. Therefore ∆1, . . . ,∆f(j)

are linearly independent over ∧2A by induction. It remains to show (11) (vi) for
∆f(j−1)+1, . . . ,∆f(j). This is an immediate consequence of Lemma 4.3, if we use
the suitable basis QZ2 . . . Zj .

Now let us assume that Y bY d 6= ∅. We show (11) for j in the remaining Case

I. We have Zj = Zaj Z
by
j . Take y ∈ Y bY d. Define yb = y, if y ∈ Y b, and yb ∈ U1,

yc ∈ V1, if y = yb + yc ∈ Y d. By (S1) N(〈Y X+
1 X

+
j X

−
j 〉) is freely generated by

Φj1 . . .Φ
j
r, where Φji is of the form∑

1≤s<t≤k
αist

(
(xjs ∧ x

j
t )− (x1

s ∧ x1
t )
)

+
∑

1≤t≤k
(yit ∧ (xjt − x1

t )) +
∑
k<t≤r

(yit ∧ z
j
t ).

If we rewrite the yit’s with respect to Y , then let γit be the coefficient of y∧(xjt−x1
t )

and y ∧ zjt respectively in Φji .

As mentioned above we have chosen Z+
j = Z+a

j Z+by
j as a suitable extension

for 〈Y X+
1 X

+
2 X

−
2 . . .X+

j−1X
−
j−1X

+
j 〉 over 〈Y X+

1 X
+
2 X

−
2 . . .X+

j−1X
−
j−1〉 and Z−j =

Z−aj Z−byj for 〈Y X+
1 X

+
2 X

−
2 . . .X+

j X
−
j 〉 over 〈Y X+

1 X
+
2 X

−
2 . . .X+

j−1X
−
j−1X

+
j 〉. Us-

ing an appropriate well-tolerated automorphism of 〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉, we

may assume by (S4) that

{xj1, . . . , x
j
k} = Z+

j modulo 〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1〉,

{zjk+1, . . . , z
j
r} = Z−j modulo 〈Y X+

1 X
+
2 X

−
2 . . .X+

j−1X
−
j−1〉.

Let xt be the element of Z+
j that corresponds to xjt , and let zt be the element of

Z−j that corresponds to zjt . In the following we will find suitable xt = a ∈ Z+a
j or

zt = a ∈ Z−aj or xt = u ∈ Z+by or zt = u ∈ Z−byj such that yb∧a or yc∧a or yb ∧u
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or yc∧ v has a non-zero coefficient in the representation of some Φji with respect to
WjUjVj , where v ∈ Zcyj is obtained by u+ v ∈ 〈Y X+

1 X
+
2 X

−
2 . . . X+

j−1X
−
j−1〉.

First we assume that we can choose y = yb ∈ Y b or y ∈ Y d with y = yb+yc where

yb ∈ Zby1 Zby2 . . . Zbyj−1. Then xjt = xt + x0
t + εtyb and zjt = zt + z0

t , where x0
t + εtyb

and z0
t are in 〈QZ2 . . . Zj−1〉 and x0

t ∈ 〈QZ2 . . . Zj−1 \ {yb}〉. In the representation

of Φji with respect to QZ2 . . . Zj the coefficient ηit of yb ∧ zt is γit and of yb ∧ xt
is γit +

∑
s<t α

i
stεs −

∑
t<s α

i
tsεs. There has to be some i such that at least one

of these coefficients ηit is not zero. Otherwise the well-tolerated automorphism e

defined by e(xjt ) = xjt − εty and e(zjt ) = zjt would give an (S1)-representation of

the Φji ’s with respect to (Y \ {y})X+
1 X

+
j X

−
j , a contradiction to (S4). Fix i and

t with ηit 6= 0. If xt = a ∈ Z+a
j for t ≤ k or zt = a ∈ Z−aj for k < t, then

Φji contains yb ∧ a with the coefficient ηit in its representation with respect to the

basis WjUjVj , because a 6∈ Wj−1Uj−1Vj−1. Otherwise xt = u ∈ Z+by
j for t ≤ k

or zt = u ∈ Z−byj for k < t. Note that u 6= yb. Then there is some v ∈ Z+cy
j or

v ∈ Z−cyj such that u+ v ∈ QdZe2 . . . Zej−1. In the representation of Φji with respect

to WjUjVj the coefficient of yb ∧ u is (ηit + µ), where µ is the coefficient of yb ∧ v
in this representation. Either ηit + µ 6= 0 or µ 6= 0. In the first case yb ∧ u occurs in
this representation with the coefficient (ηit + µ) 6= 0. In the second case yb ∧ v has
the coefficient µ 6= 0. This is impossible by Lemma 4.3.

Now we suppose that Y b = ∅ and there are no l < j, yb ∈ Zbyl , and yc ∈ Zcyl such
that yb + yc ∈ Y d. By the construction of Z1, . . . , Zh we have that Y d is linearly
independent over (〈QZ1 . . . Zj−1〉 ∩ B) + (〈QZ1 . . . Zj−1〉) ∩ C). By assumption

Y d 6= ∅. As above, consider xjt = xt + x0
t + εty, zjt = zt + z0

t , where x0
t + εty, z

0
t ∈

〈QZ2 . . . Zj−1〉 and x0
t ∈ 〈QZ2 . . . Zj−1 \ {y}〉. Again ηit = γit is the coefficient of

y ∧ zt and ηit = γit +
∑
s<t α

i
stεs −

∑
t<s α

i
tsεs is the coefficient of y ∧ xt for t ≤ k

respectively in the representation of Φji with respect to the basis QZ2 . . . Zj . By
the same argument as above we obtain i and t with ηit 6= 0. We have to discuss the
following cases:

(i) Y d is linearly independent over (〈QZ1 . . . Zj〉 ∩B) + (〈QZ1 . . . Zj〉 ∩C).

(ii) There are some yb ∈ Zbyj and yc ∈ Zcyj such that y = yb + yc ∈ Y d.
Again we have used the fact that Y Z1 . . . Zh gives us a suitable basis of

〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉

respecting

〈Y 〉, 〈Y X+
1 〉, . . . , 〈Y X+

1 X
+
2 X

−
2 . . .X+

h−1X
−
h−1〉.

We consider Case (i) and choose any y ∈ Y d. Then there is no yb ∈ Zbyj
with y − yb ∈ Zcyj . Let µit be the coefficient of y ∧ zt or y ∧ xt respectively in

the representation of Φji with respect to the basis WjUjVj . If xt = a ∈ Z+a
j or

zt = a ∈ Z−aj respectively, then µit = ηit 6= 0 as above. Otherwise xt = u ∈ Z+by
j or

zt = u ∈ Z−byj respectively. Choose v ∈ Zcyj such that u+ v ∈ QdZe2 . . . Zej−1. By

assumption (u+ v) 6= y. Hence µit = ηit +µ, where µ is the coefficient of y ∧ (u+ v)

in the representation of Φji with respect to the basis QZ2 . . . Zj . If we consider

the representation of Φji with respect to the basis WjUjVj , then we have µ = 0 by
Lemma 4.3. This case is not possible, since ηit 6= 0 would imply a contradiction.
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There remains Case (ii). We choose y ∈ Y d with some yb ∈ Zbyj such that

y − yb ∈ Zcyj . Assume yb = xt0 or yb = zt0 respectively. Then ηit0 = 0 for all

i by Lemma 4.3. Note i and t are fixed above with ηit 6= 0. Therefore xt or zt
respectively is different from yb. If xt = a ∈ Z+a

j or zt = a ∈ Z−aj respectively,

then ηit 6= 0 is the coefficient of yc ∧ a in the representation of Φji with respect to

the basis WjUjVj . Otherwise xt = u ∈ Z+by
j or zt = u ∈ Z−byj respectively. Choose

v ∈ Zcyj such that u+ v ∈ QdZe2 . . . Zej−1. Let µ be the coefficient of y ∧ (u+ v) in

the presentation of Φji with respect to QZ2 . . . Zj. Define νit = 0 for k < t, νit = αit0t
for t0 < t ≤ k, and νit = −αitt0 if t < t0 ≤ k. We consider again the representation

of Φji with respect to the basis WjUjVj . Then

ηit + νit + µ is the coefficient of yb ∧ u;

ηit + µ is the coefficient of yc ∧ u;

µ is the coefficient of yc ∧ v.

By Lemma 4.3, ηit + µ = 0. If yb ∧ u has the coefficient 0, then νit = 0 and ηit 6= 0
implies µ 6= 0. Hence either yb ∧ u or yc ∧ v has a non-zero coefficient.

Our assumption was that Y bY d 6= 0. In all possible cases we have shown that
there is some Φji that contains a basic commutator yb ∧ a or yc ∧ a or yb ∧ u or

yc ∧ v in its representation with respect to WjUjVj , where a ∈ Zaj , u ∈ Zbyj , and

v ∈ Zcyj . Of course yb ∧ a cannot occur in the representation of any ∆i with

i < f(j) as a linear combination of basic commutators with respect to WjUjVj .
The same is true for yb ∧ u and ∆i with i < f(j) and for yc ∧ v and Θi with
i < g(j), since the representation as a linear combination of basic commutators
with respect to WjUjVj of ∆i with i < f(j) and of Θi with i < g(j) contains w∧ u
or w ∧ v respectively for w ∈ A only, by (11) (vi) and (vii). If we represent Φji
as a linear combination of basic commutators with respect to a suitable basis of
D that contains WjUjVj , then Φji = Φb + Φc and there is some J ∈ ∧2A such
that Φb ∈ ∧2〈WjUj〉, Φc ∈ ∧2〈WjVj〉, Φb + J ∈ N(B), and Φc − J ∈ N(C).
We define f(j) = f(j − 1) + 1 and ∆f(j) = Φb + J , if yb ∧ a or yb ∧ u occurs.
Since yb ∧ a or yb ∧ u occurs in ∆l for 1 ≤ l ≤ f(j) if and only if l = f(j),
we obtain the linear independence of ∆1, . . . ,∆f(j) by induction. Analogously we
define g(j) = g(j − 1) + 1 and Θg(j) = Φc− J , if yc ∧ a or yc ∧ v occurs. The linear
independence of Θ1, . . . ,Θg(j) follows. Again (11) (vi) and (vii) are obtained by

Lemma 4.3. For the case Y bY d 6= ∅ (11), and therefore the lemma are proved.
If Y bY d = ∅ but Y c 6= ∅, we prove Case I of (11) in the same way. We define

∆f(j) and Θg(j) analogously as above, working with Zcyj instead of Zbyj .
Now we carry out the induction assuming that Y = Y a ⊆ A. By the assumption

above X+
j 6⊆ A for all j. Then k > 0. Assume (11) is shown for j − 1. It remains

to show (11) for j in Case I. As mentioned above, Zj is split into Z+
j = Z+a

j Z+by
j

and Z−j = Z−aj Z−byj such that Y Z1 . . . Z
+
j Z
−
j . . . Zh gives us a suitable basis of

〈Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h 〉 that respects

〈Y 〉, 〈Y X+
1 〉, 〈Y X+

1 X
+
2 X

−
2 〉, . . . , 〈Y X+

1 X
+
2 X

−
2 . . . X+

j−1X
−
j−1〉,

〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1X

+
j 〉, 〈Y X+

1 X
+
2 X

−
2 . . . X+

j X
−
j 〉,

〈Y X+
1 X

+
2 X

−
2 . . . X+

j+1X
−
j+1〉, . . . , 〈Y X+

1 X
+
2 X

−
2 . . .X+

h−1X
−
h−1〉.
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The image of X+
j and the image of Z+

j form bases of the vector space

〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1X

+
j 〉

over 〈Y X+
1 X

+
2 X

−
2 . . .X+

j−1X
−
j−1〉. If Z+a

j Z+by
j = {tj1, . . . , t

j
k}, then by (S4) we can

assume w.l.o.g. that xji = tji + qji , where qji ∈ 〈Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1〉. If

tji ∈ Z+a
j , then tji does not occur in Wj−1Uj−1Vj−1. If tji ∈ Z

+by
j , then tji ∈ Uj−1

and there exists some wji ∈ Vj−1 such that tji+w
j
i ∈ QdZe2 . . . Zej−1 but tji and wji are

not in 〈Y X+
1 X

+
2 X

−
2 . . .X+

j−1X
−
j−1〉. If we rewrite qji with respect to Wj−1Uj−1Vj−1,

then we have xji = (1 + γi)t
j
i + γiw

j
i + qi where qi ∈ 〈Wj−1Uj−1Vj−1 \ {tji , w

j
i }〉.

If tji ∈ Z+a
j , then we use the same representation with γi = 0 and wji = 0. For

1 ≤ i ≤ k we define x+
i = tji if 1 + γi 6= 0, and x+

i = wji if 1 + γi = 0. Then

xji = εix
+
i + q+

i , where 0 < εi < p and q+
i ∈ 〈Wj−1Uj−1Vj−1 \ {x+

i }〉. x+
1 , . . . , x

+
k is

a basis of 〈Y X+
1 X

+
2 X

−
2 . . .X+

j−1X
−
j−1X

+
j 〉 modulo 〈Y X+

1 X
+
2 X

−
2 . . . X+

j−1X
−
j−1〉 as

xj1, . . . , x
j
k. By (S4) again w.l.o.g. εi = 1 and q+

i ∈ 〈Wj−1Uj−1Vj−1\{x+
1 , . . . , x

+
k }〉.

First we assume that Z+by
j 6= ∅. W.l.o.g. tj1 ∈ Z

+by
j . By (S1) we obtain Φji ’s that

freely generate 〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉 over 〈Y X+

1 X
+
2 X

−
2 . . . X+

j−1X
−
j−1〉. Φji is

of the form∑
1≤s<t≤k

αist

(
(xjs ∧ x

j
t )− (x1

s ∧ x1
t )
)

+
∑

1≤t≤k
(yit ∧ (xjt − x1

t )) +
∑
k<t≤r

(yit ∧ z
j
t ).

Then there are some i and s with αi1s 6= 0. If we rewrite Φji with respect to
the suitable basis WjUjVj , then x+

1 ∧ x+
s occurs in the linear combination of basic

commutators exactly once (with the coefficient α1s 6= 0). If x+
s ∈ A, then this is

clear. Otherwise further (x+
1 ∧ x+

s )’s can be produced by the (x1
l ∧ x1

q)’s only, since

Y ⊆ A. But t1 or w1 occurs in x1
l as t1 + w1 only and ts or ws as ts + ws only.

Hence this is impossible. As above let Φji be Φbi + Φci , and J ∈ ∧2A, be such that
Φbi + J ∈ N(B) and Φci − J ∈ N(C).

If x+
s = tjs ∈ A, then x+

1 ∧ x+
s does not occur in ∧2〈Wj−1Uj−1Vj−1〉 + ∧2A. If

x+
1 ∈ Uj , then ∆f(j) = Φbi + J is independent from ∆1, . . . ,∆j−1 modulo ∧2A. If

x+
1 ∈ Vj , then Θg(j) = Φci − J is independent from Θ1, . . . ,Θg(j−1) modulo ∧2A.

(11.vi) and (11.vii) follow again by Lemma 4.3.
If x+

s is not in A, then by Lemma 4.3 either x+
1 and x+

s are in Uj or they are
in Vj . We construct ∆f(j) or Θg(j) respectively as above. The independence of

∆f(j) from ∆1, . . . ,∆f(j−1) or of Θg(j) from Θ1, . . . ,Θg(j−1) over ∧2A respectively

follows, since by (11.vi) and (11.vii) x+
1 ∧ x+

s cannot occur in the representations
of ∆1, . . . ,∆f(j−1) and of Θ1, . . . ,Θg(j−1). (11.vi) and (11.vii) follow as above.

There remains the case Z+by
j = 0. That means x+

s = t+s ∈ A for all s with

1 ≤ s ≤ k. We use xjs = x+
s + q+

s , where q+
s ∈ 〈Wj−1Uj−1Vj−1〉. Since by

assumption X+
j 6⊆ A, there exists some w ∈ Uj−1Vj−1 and some t such that for

1 ≤ s ≤ k xjs = x+
s + γsw + q0

s . where 0 ≤ γs < p, q0
s ∈ 〈Wj−1Uj−1Vj−1 \ {w}〉,

and γt 6= 0. By (S4) w.l.o.g. t = 1. Note w 6∈ Y , since Y ⊆ A. By (S4) w.l.o.g.

γs = 0 if and only if s 6= 1. Choose s such that α1s 6= 0 in Φji . Then w ∧ x+
s is a

new basic commutator in the representation of Φji with respect to WjUjVj . Here
we use w /∈ Y . We obtain ∆f(j) or Θg(j), the linear independence over ∧2A, and
(11.vi,vii) as above.
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Lemma 6.6. Assume that A, B, and C are in S and fulfill (Σ3). A is a common
substructure of B and C. Let D be B?AC. Suppose that A is selfsufficient in B and
dim(B/A)-selfsufficient in C. Let Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h be a reduced k-sequence

in D.

(i) If there exists some j (2 ≤ j ≤ h) such that 〈Y X+
1 X

+
j X

−
j 〉∩C = 〈Y X+

1 〉∩C,
then Y ⊆ B.

(ii) If there exists some j (2 ≤ j ≤ h) such that 〈Y X+
1 X

+
j X

−
j 〉∩B = 〈Y X+

1 〉∩B,
then Y ⊆ C.

Proof. Assume that Y = Y aY bY cY d is a suitable basis of 〈Y 〉, and

S = SaSbySbxScxSe

is a suitable extension of Y for 〈Y X+
1 〉. Then (i) and (ii) have the following form:

(i) If Zj = Zbxj Z
e
j is a suitable extension of Y S for 〈Y X+

1 X
+
j X

−
j 〉 over 〈Y X+

1 〉,
then Y ⊆ B.

(ii) If Zj = Zcxj Z
e
j is a suitable extension of Y S for 〈Y X+

1 X
+
j X

−
j 〉 over 〈Y X+

1 〉,
then Y ⊆ C.

By Theorem 4.1, D fulfills (Σ3)0. We show (i); (ii) follows similarly. Assume that
Y d is choosen in such a way that for every yb in Sby there is some y in Y d with
y = yb + yc, where yc is in Scy. If Y 6⊆ B, then Y cY d 6= ∅. Let y be an element
of Y cY d. We have y+ = yc if y = yb + yc with yb ∈ Sby and yc ∈ Scy; otherwise
y+ = y. Using (S2), we can assume that j = 2. By (S1), N(〈Y X+

1 X
+
2 X

−
2 〉) is

freely generated by Φ2
1, . . . ,Φ

2
r over N(〈Y X+

1 〉, where the Φ2
i ’s are of the form∑

1≤s<t≤k
αist
(
(x2
s ∧ x2

t )− (x1
s ∧ x1

t )
)

+
∑

1≤t≤k
(yit ∧ (x2

t − x1
t )) +

∑
k<t≤r

(yit ∧ z2
t ).

If we rewrite the Φ2
i ’s with respect to Y X+

1 X
+
2 X

−
2 , which means the yit’s with

respect to the basis Y , then we denote by γit the coefficient of y ∧ (x2
t − x1

t ) for
1 ≤ t ≤ k and of y ∧ z2

t for k < t ≤ r.
For 1 ≤ t ≤ k assume x2

t = xt + x0
t + εty

+, where xt ∈ 〈Zbx2 Ze2〉, x0
t

∈ 〈Y S \ {y+}〉, and for k < t ≤ r assume z2
t = zt + z0

t , where zt ∈ 〈Zby2 Ze2〉
and z0

t ∈ 〈Y S〉. W.l.o.g. we suppose that {x1, . . . , xk, zk+1, . . . , zr} = Zby2 Ze2 as
sets, since otherwise we could apply an appropriate well-tolerated automorphism
and use (S4).

In the representation of Φ2
i (1 ≤ i ≤ r) with respect to a suitable basis of D that

is consistent with Y SZbx2 Ze2 the coefficient of y+ ∧ zt is γit and the coefficient of
y+ ∧ xt is γit +

∑
s<t α

i
stεs −

∑
t<s α

i
tsεs. There has to be some i such that at least

one of these coefficients is not zero. Otherwise the well-tolerated automorphism e
defined by e(xjt ) = xjt − εty and e(zjt ) = zjt would give a representation of all Φji as
in (S1) with respect to Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h \ {y}. But y+ ∧ xt or y+ ∧ zt with

y+ ∈ Y cY dScy and xt, zt ∈ Zbx2 Ze2 cannot occur in the representation of any Φji by
Lemma 4.3.

Lemma 6.7. Assume that we are in the situation of Lemma 6.4.
Let Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h be a reduced k-sequence where 0 < k and r, |Y |+k <

m.

(i) If 〈Y X+
1 〉 ⊆ B and 〈Y X+

1 〉 ∩A = 〈Y 〉 ∩A, then all X+
j X

−
j are in B.

(ii) If 〈Y X+
1 〉 ⊆ C and 〈Y X+

1 〉 ∩A = 〈Y 〉 ∩A, then all X+
j X

−
j are in C.
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Proof. We can write the assertions in the following way:

(i) If Y ⊆ B and 〈Y X+
1 〉 has a suitable basis Y Z+bx

1 , then all X+
j X

−
j are in B.

(ii) If Y ⊆ C and 〈Y X+
1 〉 has a suitable basis Y Z+cx

1 , then all X+
j X

−
j are in C.

We show (i). The proof of (ii) is similar. Let Y be Y aY b, a suitable basis of 〈Y 〉, and

let Y Z+bx
1 Zaj Z

bx
j Z

cx
j Z

e
j be a suitable basis of 〈Y X+

1 X
+
j X

−
j 〉. W.l.o.g. Z+bx

1 = X+
1 .

We have to show that Zcxj Z
e
j = ∅. Otherwise let us first assume that Zcxj Z

e
j 6= ∅

and Zaj Z
bx
j 6= ∅. Let Zej be {t1 +w1, . . . , tl+wl}. Note that Y cY d = ∅. By Lemma

5.1 δ(〈{w1, . . . , wl}ZcxA〉) < δ(A), a contradiction to the 2m2-selfsufficiency of A
in C. Note that r < m.

There remains the case Zaj Z
bx
j = ∅. Then Y Z+bx

1 Z+cx
j Z+e

j is a suitable basis of

〈Y X+
1 X

+
j 〉. A suitable basis of 〈Y X+

j 〉 has the form Y S+cx
j S+e

j . By Lemma 6.3

S+e
j = Z+e

j = ∅, and so 〈Y X+
1 X

+
j X

−
j 〉 has a suitable basis Y Z+bx

1 Z+cx
j Z−cxj Z−ej ,

where X+
1 = Z+bx

1 and X+
j = Z+cx

j . By Lemma 6.6 Y ⊆ C, and therefore Y ⊆ A.

Next we show Z−cxj = ∅. We use {t1 +w1, . . . , tl+wl} for Z−ej , where ti ∈ B and

wi ∈ C. Remember that X+
1 = Z+bx

1 and X+
j = Z+cx

j . By (S3) and (S1) we have

that 〈Y X+
j X

+
1 Z
−cx
j Z−ej 〉 is a minimal extension of 〈Y X+

j 〉. |Z−cy| < r, since 0 < k.

If Z−cx 6= ∅, then by Lemma 5.1 (1) dim(N(〈{t1, . . . , tl}X+
1 A〉)) − dim(N(A)) >

|X+
1 | + l = k + l. It follows that δ(〈{t1, . . . , tl}X+

1 A〉) < δ(A), a contradiction to
the selfsufficiency of A in B.

We have shown that

Y X+
1 X

+
j X

−
j

is a suitable basis. We write Y aX+bx
1 X+cx

j X−ej to indicate the nature of the single

parts. As above, by (S1) and (S3) 〈Y aX+cx
j X+bx

1 X−ej 〉 is a minimal extension of

〈Y aX+cx
j 〉. By Lemma 5.1 (6) applied to 〈Y aX+cx

j X+bx
1 X−ej 〉 over 〈Y aX+cx

j 〉 we
obtain

dim(N(〈X+bx
1 {t1, . . . , tr−k}A〉))− dim(N(A)) ≥ r.

Hence δ(〈X+bx
1 {t1, . . . , tr−k}A〉) ≤ δ(A). Since B is a minimal extension of A,

equality follows, and 〈X+bx
1 {t1, . . . , tr−k}A〉 = B.

Let us consider the free generators Φj1, . . . ,Φ
j
r of N(〈Y aX+bx

1 X+cx
j X−ej 〉) over

N(〈Y aX+bx
1 〉) given by (S1). By Lemma 4.3 there are Ji ∈ ∧2A such that Φji =

Φci − Φbi , Φbi + Ji ∈ N(B), and Φci + Ji ∈ N(C), where

Φbi =
∑

1≤t<s≤k
αits(x

1
t ∧ x1

s) +
∑

1≤t≤k
(yit ∧ x1

t ) +
∑
k<t≤r

(yit ∧−tt−k),

Φci =
∑

1≤t<s≤k
αits(x

j
t ∧ xjs) +

∑
1≤t≤k

(yit ∧ x
j
t ) +

∑
k<t≤r

(yit ∧ wt−k).

Note that

zjk+l = tl + wl.

Since Φj1, . . . ,Φ
j
r are linearly independent over N(〈Y aX+bx

1 〉), every non-trivial

linear combination of them contains some basic commutator xjt ∧ xjs or a ∧ xjt or
a∧ ts for some a ∈ Y . Hence this linear combination also contains x1

t ∧x1
s or a∧x1

t

or a ∧ ws respectively. Therefore Φc1 + J1, . . . ,Φ
c
r + Jr are linearly independent

over ∧2A and Φb1 + J1, . . . ,Φ
b
r + Jr are linearly independent over ∧2A. Since B =
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〈X+bx
1 {t1, . . . , tr−k}A〉 and δ(B) = δ(A), Φb1+J1, . . . ,Φ

b
r+Jr freely generate N(B)

over N(A). Since A is 2m2-selfsufficient in C, we obtain that Φc1, . . . ,Φ
c
r freely

generate N(〈Xcx
j {w1, . . . , wr−k}A〉 over N(A). Hence f(x1

i ) = xji for 1 ≤ i ≤ k,
f(ti) = −wi for 1 ≤ i ≤ r − k, and f(a) = a for a ∈ A induces an isomorphism
of B into C that is the identity on A and can be extended to the corresponding
structures in S. This contradicts the assumption of the lemma, that B is not
realized in C.

Proof of Lemma 6.4. Let Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h be a reduced k-sequence in D

with r, |Y |+ k < m. Assume Y is a suitable basis of 〈Y 〉.

Case 1. k > 0 and there exists some j such that 〈Y X+
j 〉 ∩ C = 〈Y 〉 ∩ C. By (S3)

we can assume w.l.o.g. that j = 1.

Case 1.1. There exists an i such that 2 ≤ i ≤ h, 〈Y X+
1 X

+
i X

−
i 〉 ∩C = 〈Y X+

1 〉 ∩C.

By Lemma 6.6 Y ⊆ B. By (S2) we can assume w.l.o.g. that i = 2. By
the assumption we have 〈Y X+

1 〉 ∩C = 〈Y 〉 ∩C and 〈Y X+
1 X

+
2 〉 ∩C = 〈Y X+

1 〉 ∩C.
Lemma 6.3 implies 〈Y X+

1 〉 = 〈Y 〉+(〈Y X+
1 〉∩B). Using Y ⊆ B we get 〈Y X+

1 〉 ⊆ B.
Then 〈Y X+

1 〉 ∩ C = 〈Y 〉 ∩ C implies 〈Y X+
1 〉 ∩A = 〈Y 〉 ∩A. Hence by Lemma 6.7

all X+
j X

−
j ⊆ B. The assertion follows from (Σ4)m for B.

Case 1.2. There exists an i such that 2 ≤ i ≤ h, and 〈Y X+
1 X

+
i X

−
i 〉∩B = 〈Y X+

1 〉∩
B.

By Lemma 6.6 Y ⊆ C. By (S2) we can assume w.l.o.g. that i = 2. By the
assumptions we have 〈Y X+

1 〉 ∩ C = 〈Y 〉 ∩ C, and 〈Y X+
1 X

+
2 〉 ∩ B = 〈Y X+

1 〉 ∩ B.
Note that this implies 〈Y X+

2 〉 ∩ B = 〈Y 〉 ∩ B. Lemma 6.3 implies 〈Y X+
2 〉 =

〈Y 〉+(〈Y X+
2 〉∩C). Using Y ⊆ C we get 〈Y X+

2 〉 ⊆ C. Since 〈Y X+
2 〉∩B = 〈Y 〉∩B

we get 〈Y X+
2 〉 ∩ A = 〈Y 〉 ∩ A. By (S3) we can exchange X+

1 and X+
2 . Hence by

Lemma 6.7 we get X+
1 ⊆ C, a contradiction to the general assumption of Case 1.

Case 1.3. For all i with 2 ≤ i ≤ h we have 〈Y X+
1 X

+
i X

−
i 〉 ∩ C 6= 〈Y X+

1 〉 ∩ C and
〈Y X+

1 X
+
i X

−
i 〉 ∩B 6= 〈Y X+

1 〉 ∩B.

In this case the assertion follows from Lemma 6.5.

Case 2. The roles of B and C are exchanged in Case 1.

The proof is completely symmetric.

Case 3. k > 0 and for every j with 1 ≤ j ≤ h we have neither 〈Y X+
j 〉∩C = 〈Y 〉∩C

nor 〈Y X+
j 〉 ∩B = 〈Y 〉 ∩B.

We get 〈Y X+
1 X

+
j X

−
j 〉 ∩C 6= 〈Y X+

1 〉 ∩C and 〈Y X+
1 X

+
j X

−
j 〉 ∩B 6= 〈Y X+

1 〉 ∩B.
The assertion follows from Lemma 6.5.

Case 4. k = 0 and for every j with 2 ≤ j ≤ h we have neither 〈Y X−j 〉∩C = 〈Y 〉∩C
nor 〈Y X−j 〉 ∩B = 〈Y 〉 ∩B.

In this case the assertion follows immediately from Lemma 6.5.

Case 5. k = 0 and there is some j with 2 ≤ j ≤ h such that 〈Y X−j 〉∩C = 〈Y 〉∩C.
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In this case 〈Y X−j 〉 has a suitable basis Y Sbxj S
e
j . By Lemma 6.6 Y ⊆ B. By (S2)

w.l.o.g. j = 2. Let Y Sai S
bx
i S

cx
i S

e
i be a suitable basis of 〈Y X−i 〉 for 2 ≤ i ≤ h. Since

Y d = ∅ there is no Sbyi . Let Sei be {t1 +w1, . . . , tl +wl}, where t1, . . . , tl are in B,
w1, . . . , wl are in C, and t1, . . . , tl, w1, . . . , wl are linearly independent overA. First
assume Y b 6= ∅. If Sai S

bx
i = ∅, then Y ⊆ C by Lemma 6.6, a contradiction to Y b 6= ∅.

Hence Sai S
bx
i 6= ∅. If Scxi S

e
i 6= ∅, then dim(N(〈Scxi {w1, . . . , wl}A〉))−dim(N(A)) >

|Scxi |+ l by Lemma 5.1. Therefore δ(〈Scxi {w1, . . . , wl}A〉) < δ(A), a contradiction
to the 2m2-selfsufficiency of A in C. Note that r < m. We have shown that
Scxi S

e
i = ∅ for every i. Hence all X−i are in B. The assertion follows from (Σ4)m

for B.
There remains the case Y = Y a ⊆ A. A suitable basis Y Sei for some 〈Y X−i 〉 is

impossible. In this case we could assume X−i = Sei by (S4) and apply Lemma 4.4 to
the situation described in (S1). We would get a contradiction to δ(〈Y 〉) = δ(〈Y X−i 〉)
Then by Lemma 5.2 every X−i is in B. The assertion follows from (Σ4)m for B.

Case 6. k = 0 and there is some j with 2 ≤ j ≤ h such that 〈Y X−j 〉∩B = 〈Y 〉∩B.

A similar proof as for Case 5 works.

Lemma 6.8. Assume A, B, and C are finite structures in S that satisfy (Σ3)
and (Σ4). Furthermore A is a common substructure of B and C, B is a minimal
extension of A that is not realized in C, and A is n-selfsufficient in C, where
n ≥ 2(2 dim(B) + 1)2. Let D be B ?A C.

Then C is selfsufficient in D, B is n-selfsufficient in D, and D satisfies (Σ3)
and (Σ4).

Proof. By Theorem 4.1 we have everything except (Σ4) for D. Note that

2(2 dim(B) + 1)2 ≥ dim(B/A) + 2.

By Lemma 6.4 we obtain (Σ4)2dim(B)+1. That means for every reduced k-sequence
with |Y |+ k, r ≤ 2 dim(B) we have h ≤ 2max{r, |Y |+ k}+ 1.

Now we consider reduced k-sequences Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h with r > 2 dim(B)

or |Y |+ k > 2 dim(B). Assume that Y is a suitable basis of 〈Y 〉. We choose

Zj = Zaj Z
by
j Z

bx
j Z

cx
j Z

e
j

such that Y Z1 . . . Zh gives us a suitable basis for 〈Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h 〉 that

respects 〈Y 〉, 〈Y X+
1 〉,. . . , 〈Y X+

1 X
+
2 X

−
2 . . .X+

h−1X
−
h−1〉.

If h ≤ 2 dim(B) + 1, then (Σ4) is fulfilled by this sequence. In the case h >
2 dim(B)+1 we will show that the whole reduced k-sequence is contained in C and
the assertion follows from (Σ4) for C.

If h > 2 dim(B)+1, then there are different j0, j1 with 1 ≤ j0 < j1 ≤ 2 dim(B)+2,
such that

〈Y X+
1 X

+
2 X

−
2 . . .X+

j0
X−j0〉 ∩B = 〈Y X+

1 X
+
2 X

−
2 . . . X+

j0−1X
−
j0−1〉 ∩B

and

〈Y X+
1 X

+
2 X

−
2 . . . X+

j1
X−j1〉 ∩B = 〈Y X+

1 X
+
2 X

−
2 . . .X+

j1−1X
−
j1−1〉 ∩B.

After an appropriate application of (S2) and (S3) we can assume that j0 = 1 and
j1 = 2. Then 〈Y X+

1 〉 ∩B = 〈Y 〉 ∩B and 〈Y X+
1 X

+
2 X

−
2 〉 ∩B = 〈Y X+

1 〉 ∩B. Hence
by Lemma 6.6 Y ⊆ C. Furthermore, 〈Y X+

1 X
+
2 〉 ∩ B = 〈Y 〉 ∩ B. By Lemma 6.3

〈Y X+
1 X

+
2 〉 = 〈Y 〉+(〈Y X+

1 X
+
2 〉∩C). The last two equations imply that 〈Y X+

1 X
+
2 〉
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has a suitable basis Y Z+cx
1 Z+cx

2 ⊆ C, where Y Z+cx
1 is a suitable basis of 〈Y X+

1 〉.
Now we know that Y ⊆ C and Z1 = Z+cx

1 . Choose j minimal such that Zj 6⊆ C.
Then Y S+cx

1 Z2 . . . Zj is a suitable basis of 〈Y X+
1 X

+
2 X

−
2 . . . X+

j X
−
j 〉. Let Zj be

Zaj Z
bx
j Z

cx
j Z

e
j . Note that Zbyj = ∅ and Zbxj Z

e
j 6= ∅, by the choice of j.

First assume Zaj Z
cx
j 6= ∅. Note that dim(B) < r implies Zcxj 6= ∅. By Lemma

5.1 (1) we obtain dim(N(〈Zbxj {t1, . . . tl}A〉))− dim(N(A)) > |Zbxj |+ l, where Zej =

{t1 +w1, . . . , tl+wl} and Zbxj {t1, . . . , tl} ⊆ B is linearly independent over A. Then

δ(〈Zbxj {t1, . . . , tl}A〉) < δ(A), a contradiction to the selfsufficiency of A in B.
If Zaj Z

cx
j = ∅, then r ≤ dim(B). Hence by the assumption |Y |+ k > 2 dim(B).

Since k ≤ r ≤ dim(B), we get |Y | > dim(B) and therefore Y c 6= ∅. On the other
hand, by Lemma 6.6 we have Y ⊆ B, a contradiction to Y c 6= ∅. We have shown
that all X+

j X
−
j are in C. The assertion follows from (Σ4) for C.

The final theorem summarizes the efforts of this section and formulates the result
for further applications.

Theorem 6.9 (Second Amalgamation Theorem). Assume that A, B, and C are
finite structures in S that satisfy (Σ3) and (Σ4). Suppose that A is a common sub-
structure of B and C, A is selfsufficient in B, and A is (dim(B/A)+n)-selfsufficient
in C, where n ≥ 2(2 dim(B) + 1)2.

Then there exists an amalgam D of B and C over A such that D fulfills (Σ3) and
(Σ4), C is selfsufficient in D, and B is n-selfsufficient in D. If A is selfsufficient
in C, then B is selfsufficient in D.

Proof. We decompose B into a nonrefinable tower A = B0 ⊂ B1 ⊂ . . . ⊂ Bn−1 ⊂
Bn = B of subspaces such that each Bi is selfsufficient in B.

First we assume that we have shown the assertion for all cases where n = 1.
We prove the theorem by induction on n. By induction hypothesis there exists an
amalgam Dn−1 of Bn−1 and C over A such that Dn−1 satisfies (Σ3) and (Σ4), C is
selfsufficient in Di−1, and Bn−1 is (dim(Bn/Bn−1)+n)-selfsufficient in Dn−1. Now
we apply the assertion for the case n = 1 to the following situation: Bn−1 plays the
role of A, B plays the role of B, and Dn−1 plays the role of C. The D we obtain
has the desired properties. C is selfsufficient in D by Lemma 3.10.

Now we consider the case n = 1. Then δ(A) ≤ δ(B) ≤ δ(A) + 1. If δ(A) = δ(B),
then B is a minimal extension of A. If there is a realization B+ of B in C over A,
then take D = C. The assertion follows. Note that B+ is n-selfsufficient in C, since
δ(B) = δ(A) and A is (dim(B/A) + n)-selfsufficient in C. If there is no realization
of B in C, then we apply Lemma 6.8.

There remains the case δ(B) = δ(A) + 1. Then dim(B) = dim(A) + 1. Again
we take D as B ?A C. By Theorem 4.1 we have (Σ3) for D, selfsufficiency of C in
D, and n-selfsufficiency of B in D. We show (Σ4). Note that for every b ∈ B \ A
we obtain 〈A{b}〉 = B. Furthermore, D = 〈C{b}〉 for every b ∈ D \ C. Let
Y X+

1 X
+
2 X

−
2 . . . X+

h X
−
h be a reduced k-sequence in D. Our aim is to prove that

the sequence lies completely in C. Then (Σ4) for C implies (Σ4) for D. If Y 6⊆ C,
then in (S1) there is some

Φ2
i ∈ N(〈Y X+

1 X
+
2 X

−
2 〉) \N(〈Y X+

1 〉)
such that yit 6∈ C for some t. By (S4) we can consider a suitable basis {yit}Y 0Z1Z2

in D, where {yit}Y 0 = Y and Y 0, Z1, Z2 ⊆ C, X+
1 ⊆ 〈{yit}Z1〉, and X+

2 X
−
2 = Z2.

If we represent Φ2
i with respect to this basis, we obtain a non-vanishing summand



3926 ANDREAS BAUDISCH

(yit ∧ x2
t ) or (yit ∧ z2

t ). This is the only occurrence of this basic commutator. We
obtain a contradiction, since in D no element of D \ C is involved in a relation.

The same argument works for Y ⊆ C and xji 6∈ C or zji 6∈ C for some i and j.

If xji 6∈ C, then by (S3) and (S4) w.l.o.g. j = i = 1. Let Y {x1
1}Z1Z2 be a basis

of 〈Y X+
1 X

+
2 X

−
2 〉, where Z1, Z2 ⊆ C, and Y {x1

1}Z1 is a basis of 〈Y X1
1 〉. By (S4)

w.l.o.g. {x1
1}Z1 = X+

1 . In (S1) there exists some Φ2
i with αi1s 6= 0 for some s. If we

rewrite Φ2
i with respect to the basis above, then it contains x1

1 ∧ x1
s exactly once

with the coefficient αi1s. Again we have a contradiction. If Y ⊆ C and all X+
j ⊆ C,

but zji 6∈ C, then by (S2) and (S4) w.l.o.g. j = 2, i = k + 1, and z2
k+l ∈ C for

2 ≤ l ≤ r − k. Choose Φ2
i with yik+1 6= 0. Then the representation of Φ2

i with

respect to Y X+
1 X

+
2 X

−
2 contains yik+1 ∧ z2

k+1 exactly once. Since we can assume

that yik+1 ∈ Y , we obtain the desired contradiction.

7. Construction of the Group

We now come back to our category of groups, that is to the category G. Let H
be a subgroup of G, with G,H ∈ G. Then we say that H is selfsufficient in G if
this is true for the corresponding structures in S.

Now let Σ be the following elementary theory formulated in the pure group
language. Let G be any model of Σ and let M be the corresponding structure in
S. (We still have to show its existence.) The axioms of Σ express the following:

(Σ1): G is a nilpotent group of class 2 and of exponent p > 2. p is a fixed prime.
(Σ2): ∀x 6∈ Z(G)∀z ∈ Z(G)∃y([x, y] = z).
(Σ3): For every finite subspace H of the corresponding S-structure M we have
δ(H) = dim(H) if dim(H) ≤ 3 and δ(H) ≥ 3 otherwise.

(Σ4): For every reduced k-sequence Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h in the correspond-

ing structure M of S we have h ≤ 2max(k + |Y |, |X+
2 |+ |X−2 |) + 1.

(Σ5): Let A and B be finite S-structures that satisfy (Σ3) and (Σ4). Suppose
that A is selfsufficient in B and (dim(B/A) + n)-selfsufficient in M , where
n ≥ 2(2dim(B)+1)2. Then there exists an embedding of B in M that extends
the embedding of A in M , such that the image of B is n-selfsufficient in G.

Note that axioms (Σ3)-(Σ5) are to be expressed in the language of groups, but
refer to the properties of the corresponding structureM in the category S. Using the
Second Amalgamation Theorem, we will prove the consistency, the completeness,
and the uncountable categoricity of Σ.

Lemma 7.1. Assume that M is in S with the properties (Σ3) and (Σ4). Let g be
in M and b ∈ ∧2M be such that there is no h in M with (g∧h)−b ∈ N(M). Define
M+ in the following way: M+ = 〈a〉 ⊕M and N(M+) = 〈(g ∧ a)− b〉 ⊕N(M)

Then M is selfsufficient in M+, and M+ satisfies (Σ3) and (Σ4).

Proof. We obtain δ(M) = δ(M+) by construction. Therefore M is selfsufficient in
M+. From the assumption that (g ∧ x)− b ∈ N(M) has no solution it follows that
δ(M) ≥ 3.

Next we show (Σ3). Let K ⊆ M+. If K ⊆ M , then we are done. Therefore
suppose that K 6⊆ M . Let K1 be K ∩M . Note that M+ can be defined using
any a + h, where h ∈ M , and the relation (g ∧ (a + h)) − (b + (g ∧ h)) instead
of (g ∧ a) − b. Also (g ∧ x) − (b + (g ∧ h)) ∈ N(M) has no solution in M . Now
δ(K) = δ(K1) + 1− dim(N(K)/N(K1)). By definition dim(N(K)/N(K1)) ≤ 1. If
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dim(K1) ≥ 3, then the assertion follows. If dim(K1) ≤ 2, then dim(N(K1)) = 0
and the only possibility to obtain a relation in N(K) is the following: As noted
above, w.l.o.g. K = 〈a, g1, g2〉, where g1, g2 ∈ M and are linearly independent.
Then w.l.o.g. g1 = g. A relation would have the form (g ∧ a)− (g ∧ rg2) ∈ N(K).
This would imply a solution of (g∧x)− b ∈ N(M), a contradiction. (Σ3) is shown.

To show (Σ4) let Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h be a reduced k-sequence that is not

completely in M . Note that r = 1 is impossible, since by (Σ3) relations of the form
y ∧ z do not exist.

First we assume that Y 6⊆ M . Then w.l.o.g. a ∈ Y , and Y \ {a} ⊆ M . We fix

some j with 2 ≤ j ≤ h and consider the Φji ’s in (S1):∑
1≤s<t≤k

αist

(
(xjs ∧ x

j
t )− (x1

s ∧ x1
t )
)

+
∑

1≤t≤k
(yit ∧ (xjt − x1

t )) +
∑
k<t≤r

(yit ∧ z
j
t ).

After the application of an appropriate well-tolerated automorphism we can assume

that X+
j ⊆M . Since all of Y must be used in (S1), there is some ij such that y

ij
t 6= 0

for some t with the property that y
ij
t involves a in its representation as a linear

combination over Y . Now we rewrite Φjij with respect to a basis Y Z+
1 X

+
j Z
−
j , where

Z+
1 X

+
j Z
−
j ⊆ M , Z+

1 is a basis of 〈X+
1 〉 modulo 〈{a}〉, and Z−j is a basis of 〈X−j 〉

modulo 〈{a}〉. Then Φjij = (a ∧ uj) + (a ∧ vj) + wj , where uj 6= 0, uj ∈ 〈X+
j Z
−
j 〉,

vj ∈ 〈Y \ {a}Z+
1 〉, and wj ∈ ∧2〈(Y \ {a})Z+

1 X
+
j Z
−
j 〉. Then uj 6= 0, uj + vj 6= 0,

and Φjij has to be a free generator of N(M+) over N(M). That means Φjij is of

the form r(a ∧ g)− b1, where 0 < r < p and b1 ∈ ∧2M . It follows that h ≤ 2, since
it is not possible that u2 + v2, u3 + v3 ∈ 〈g〉.

Now we can assume that Y ⊆M . Next we consider the case X+
j ⊆M for some j.

By (S3) w.l.o.g. X+
1 ⊆M . The case k = 0 is included. By assumption and by (S2)

w.l.o.g. X2 6⊆M . We replace X2 by a basis aW such that 〈X2〉 = 〈aW 〉 and W ⊆
M . Since 〈Y X+

1 X2〉 is a minimal extension of 〈Y X+
1 〉 and |X2| = r > 1, there are

Φ2
i1
,Φ2

i2
∈ N(〈Y X+

1 X2〉) linearly independent over N(〈Y X+
1 W 〉). This contradicts

the assumption that N(M+) is generated by a single relation over N(M).
Finally, we assume Y ⊆M but all X+

j 6⊆M . We consider j > 1. Using (S4), we

can suppose w.l.o.g. that xj1 = a and xj2, . . . , x
j
k ∈ M . Then there is some ij such

that α
ij
1s 6= 0 for some s in Φjij . Hence Φjij contains a basic commutator a ∧ xjs if

we rewrite Φjij with respect to a basis Y Z+
1 X

+
j Z
−
j where Z+

1 = X+
1 modulo 〈a〉 and

Z−j = X−j modulo 〈a〉. Hence Φjij 6∈ N(Y X+
1 X

+
2 X

−
2 . . . X+

j−1X
−
j−1) +N(M). Then

Φ2
i2

and Φ3
i3

are linearly independent over N(M). Hence h ≤ 2, as desired.

Let F2(p, κ) be the free group in the variety of all nilpotent groups of class two
and with exponent p that has κ-many free generators. Let F (3) be the S-structure
that corresponds to F2(p, 3).

Corollary 7.2. There are infinitely many finite extensions Bi of A = F (3) such
that Bi satisfies (Σ3) and (Σ4), A is selfsufficient in Bi, and δ(A) = δ(Bi) = 3.

Proof. Let a1, a2, a3 be three free generators of A. Define B1 as M+ in Lemma 7.1
using the relation [a3, x] = [a1, a2]. Let a4 be the solution in B1. To get B2 we use
B1 and [a4, x] = [a2, a3]. Let a5 be the solution in B2. In general Bi is constructed
from Bi−1 and [ai+2, x] = [ai, ai+1] with a solution ai+3. The assertion follows from
Lemma 7.1.
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Note. Let G be any group that satisfies (Σ1), (Σ2)w, and (Σ3). If A is a subspace
of G of linear dimension 3, then A is selfsufficient in G and A generates a subgroup
isomorphic to F2(p, 3).

Lemma 7.3. Σ is consistent.

Proof. We construct an S-structure M that fulfills (Σ3), (Σ4), and (Σ5). Let G be
the corresponding group in G. First we show that G fulfills (Σ2). We assume that
(Σ2) is not true in G. Then there are g in M and b in ∧2M such that g∧x = b has
no solution in M . Let A be a finite selfsufficient substructure of M that contains g
and b. Of course A fulfills (Σ3) and (Σ4). By Lemma 7.1 there is a finite minimal
extension B of A such that B fulfills (Σ3) and (Σ4), and there exists some a in B
with g∧a = b. By axiom (Σ5) we can find B and therefore a in M , a contradiction
to the assumption.

Let (Σ5)′ be the following consequence of (Σ5) in an ω-saturated model G of Σ.
Let M be the corresponding S-structure:

(Σ5)′: Let A and B be finite S-structures that fulfill (Σ3) and (Σ4). Let A be
selfsufficient in B. If A is selfsufficient in M , then there exists a selfsufficient
embedding of B in M that extends the embedding of A in M .

Note that (Σ5)′ is not elementary. Next we show that every M that satisfies
(Σ3), (Σ4), and (Σ5)′ fulfills (Σ5) also. To prove (Σ5) let A be selfsufficient in
B. Furthermore let A be a (dim(B/A) +n)-selfsufficient substructure of M , where
n ≥ 2(2dim(B)+1)2. Let C be the finite subspace CSS(A) of M . By Theorem 6.9
there is an amalgam D of B and C over A such that C is selfsufficient in D and B
is n-selfsufficient in D. If D plays the role of B and C the role of A in (Σ5)′, then
we have a selfsufficient embedding of D in M , that extends the embedding of C in
M . This gives the desired embedding of B in M with n-selfsufficiency.

To get the desired model G of Σ we show that there is an S-structure M with
the properties (Σ3), (Σ4) and (Σ5)′. We construct M by successive amalgamation
(Theorem 6.9). This is the usual procedure. Let {Ai ⊂ Bi : i < ω} be an enu-
meration of all pairs of finite structures in S with (Σ3) and (Σ4) such that Ai is
selfsufficient in Bi, and dim(Bi) ≤ dim(Bj) for i < j. By Corollary 7.2 there are
infinitely many such pairs. Note that in any M with (Σ3) every substructure gen-
erated by three elements is selfsufficient . Let C0 be F (3). If Cj−1 is constructed
with (Σ3) and (Σ4), then consider all pairs Ai ⊂ Bi with dim(Bi) ≤ j + 2. Define
D0 = Cj−1. If Di−1 is constructed with the properties (Σ3), (Σ4), and Cj−1 is
selfsufficient in Di−1, then Di is defined in the following way. Let A1

i , . . . , A
s
i be

a list of all copies of Ai that are selfsufficient in Cj−1. They are also selfsufficient
in Di−1. We apply Theorem 6.9 and obtain the amalgam D1

i of Di−1 and Bi over
A1
i that again fulfills (Σ3) and (Σ4). Di−1 is selfsufficient in D1

i . The selfsufficient
image A1

i of Ai in Di−1 can be extended to a selfsufficient embedding of Bi into
D1
i . In the next step we apply Theorem 6.9 to D1

i and Bi over A2
i . We get D2

i

with (Σ3) and (Σ4) such that D1
i is selfsufficient in D2

i and there is a selfsufficient
embedding of Bi in D2

i over A2
i . We iterate the argument and obtain Di as Ds

i .
Then we start to work with Ai+1 ⊂ Bi+1, if dim(Bi+1) ≤ j + 2. If we continue in
this way for all pairs Al ⊂ Bl with dim(Bl) ≤ j + 2, then we obtain Cj . It is finite
and has the properties (Σ3) and (Σ4). Cj−1 is selfsufficient in Cj . For every pair
Ai ⊂ Bi with dim(Bi) ≤ j + 2 and for every selfsufficient copy of Ai in Cj−1 there
is a selfsufficient embedding of Bi in Cj that continues the embedding of Ai. Then
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j<ω Cj is the desired S-structure such that the corresponding group is a model

of Σ.

Lemma 7.4. Σ is complete.

Proof. Let G1 and G2 be two ω-saturated models of Σ. Let Mi be the S-structure
corresponding to Gi (i = 1, 2). We use ai and bi to denote sequences in G1 and G2

respectively. We assume that the elements of these sequences are linearly indepen-
dent over the center. Let ai and bi be the corresponding sequences in M1 and M2

respectively. We show that player II has a winning strategy in the infinitely long
Ehrenfeucht-Fräıssé game. Let a0 be a sequence that contains one element c0 of
G1 \ Z(G1), and b0 a sequence that contains one element d0 in G2 \ Z(G2). 〈a0〉
and 〈b0〉 are selfsufficient in G1 and G2 respectively, and there is an isomorphism
f0 of these two subgroups with f0(a0) = b0. After the (i − 1)th round there are
sequences ai−1 in G1 and bi−1 in G2 of linearly independent elements modulo Z
and a map fi−1 corresponding to the choice of the players that can be extended
to an isomorphism of the subgroups generated by ai−1 and bi−1 respectively. We
require furthermore that 〈ai−1〉 and 〈bi−1〉 are selfsufficient in G1 and G2 respec-
tively. Note that it is very important that the players can choose all elements
linearly independent modulo Z. Now we describe the strategy of player II in the
ith round. Assume w.l.o.g. that player I has chosen ci in G1. W.l.o.g. ci is not an
element of the subgroup generated by ai−1. If ci is not linearly independent from
ai−1 modulo Z, then we can assume that ci ∈ Z(G1). By axiom (Σ2) there is some
ei such that [c0, ei] = ci. Then ei is linearly independent from ai−1 modulo Z, since
otherwise ci is in the subgroup generated by ai−1. In this case player II can assume
that ei was chosen. So w.l.o.g. we can suppose that ci is linearly independent from
ai−1 modulo Z. Let ai be a sequence of elements linearly independent modulo Z
extending ai−1ci such that its image in G is a basis of CSS(〈ai−1ci〉). Player II
considers 〈ai〉\〈ai−1〉 as the sequence of new elements chosen by player I. He applies
axiom (Σ5) to M2, where 〈ai−1〉 plays the role of A and 〈ai〉 plays the role of B.
For every sufficiently large n he gets an n-selfsufficient embedding fi of 〈ai〉 into
M2, where fi extends the isomorphism of 〈ai−1〉 onto 〈bi−1〉 induced by fi−1. By
Lemma 3.2 we can lift fi to an isomorphism fi of 〈ai〉 into G2 that extends fi−1.
By the ω-saturation of G2 we can find fi in such a way that 〈fi(ai)〉 is selfsufficient
in G2. We have the desired properties if we denote f(ai) by bi in an appropriate
way.

If 〈a0〉 and 〈b0〉 in the proof above are any isomorphic selfsufficient subgroups
with (Σ2)w, then the same proof works. If A and B are isomorphic selfsufficient
subgroups of the same model G of Σ, then we can extend G to an ω-saturated
elementary extension G1 = G2 = G+. Then A and B are selfsufficient in G+ too.
We have:

Lemma 7.5. If A and B are isomorphic finite selfsufficient subgroups of a model
of Σ that satisfy (Σ2)w, then they have the same elementary type over the empty
set.

To prove the uncountable categoricity of Σ we show that for every model G the
geometrical closure cl and the algebraic closure acl coincide in G. It was to ensure
this that the axiom (Σ4) was introduced and the Second Amalgamation Theorem
was proved.
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Lemma 7.6. Let G be a model of Σ. Let A be a finite subgroup of G with the
property (Σ2)w. Let A be its image in G.

(i) For all a in G we have a ∈ acl(A) if and only if a ∈ cl(A).
(ii) For all elements a and b in G whose images in G are not in acl(A), we obtain

t(a/A) = t(b/A).

Proof. Since CSS(A) ⊆ acl(A) we can assume that A is selfsufficient in G.
ad(i). (←). There is a non-refinable tower A = B0 ⊂ B1 ⊂ B2 . . . ⊂ Bn =

CSS(〈A{a}〉) such that Bi+1 is a minimal extension of Bi for all 0 ≤ i ≤ n − 1.
It is sufficient to show that Bi+1 ⊆ acl(Bi) for all these i. Otherwise there are
infinitely many realizations of the minimal extension Bi+1 over Bi. Note that
all Bi are selfsufficient in G. Therefore by Lemma 5.3 there are infinitely many
realizations of the minimal extension Bi+1 over Bi, that are in free composition
over Bi. This is impossible by (Σ4), as mentioned in Lemma 6.2 4).

(→). If a 6∈ cl(A), then d(〈A{a}〉) > d(A) and by Lemma 3.8 d(〈A{a}〉) =
d(A) + 1. Since A is selfsufficient in G, we have that 〈A{a}〉 is selfsufficient in
G. If d(A) ≤ 2, then every c 6∈ A is isomorphic to a over A with respect to the
full group structure. By Lemma 7.5, t(a/A) = t(c/A). Therefore a 6∈ acl(A). If
d(A) ≥ 3, then by Corollary 7.2 cl(A) is infinite. For each c ∈ cl(A) we have
d(〈A{a + c}〉) = d(A) + 1. Then a + c is isomorphic to a over A with respect to
the full group structure, and 〈A{a + c}〉 and 〈A{a}〉 are selfsufficient in G. By
Lemma 7.5 again t(a+ c/A) = t(a/A) for infinitely many c. We obtain a 6∈ acl(A),
as desired.

ad(ii). As above we have A selfsufficient in G. By (i), d(〈A{a}〉) = d(A) + 1
and d(〈A{b}〉) = d(A) + 1. It follows that a and b are isomorphic over A. By
Lemma 7.5 we obtain the assertion.

Theorem 7.7. Σ is uncountably categorical. If G is a model of Σ, then G/Z(G)
and Z(G) are strongly minimal. Σ has Morley rank 2. Σ is not countably categor-
ical. Σ has a non-locally-modular geometry.

Proof. We consider Σ. By Lemmas 7.3 and 7.4, Σ is consistent and complete. By
Corollary 7.2 and Lemma 7.6, acl({a, b, c}) is infinite for elements a, b, c that are
linearly independent over Z(G). It follows that Σ is not countably categorical.
To show the uncountable categoricity let G be any model of Σ embedded in the
monster model C. Let a ∈ C \ G. If ah−1 ∈ Z(C) for some h ∈ G and g is any
element of G not in Z(G), then by (Σ2) there exists c ∈ C \G + Z(C) such that
ah−1 = [g, c]. Therefore every t(a/G) with a formula Z(xh−1) is algebraic over a
type t(c/G) with ¬Z(xh−1) for all h ∈ G. By Lemma 7.6 there exists only one non-
algebraic type t(a/G) with ¬Z(xh−1) for all h ∈ G. The uncountable categoricity
of T follows. Furthermore, G/Z(G) is strongly minimal by Lemma 7.6. By (Σ2)
and (Σ3), for any g ∈ G \ Z(G) the map [g, x] is one-to-one from G/〈Z(G) ∪ {g}〉
onto Z(G). Hence Z(G) is strongly minimal. Since for uncountably categorical
theories Morley rank and Lascar rank coincide, we obtain Morley rank 2 for Σ
by the Berline-Lascar inequalities for the Lascar rank of groups. By [13] Σ has a
non-locally-modular geometry, since the models of Σ are not Abelian by finite. It
is easy to prove this directly.
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8. CM-triviality

Let Σ be the theory constructed above. In this section we prove the non-
interpretability of a field in Σ. The first proof of this result was based on the
investigation of the group-configuration of a group interpreted in Σ. It was shown
that such a group has to be nilpotent by finite and of bounded exponent. (See
[6], section 7.) Here we prove CM-triviality of Σ, following a suggestion of E.
Hrushovski and A. Pillay. This geometrical property of a stable theory implies the
non-interpretability of a field. Hence Σ does not allow the interpretation of a field,
as desired. Furthermore, Pillay [21] has shown that it is impossible to interpret a
simple group in an ω-stable theory of finite Morley rank with CM-triviality. Hence
no simple group is interpretable in Σ. By Theorem 2.1 we also obtain that every
group interpretable in Σ is nilpotent by finite, and of bounded exponent up to an
Abelian direct summand.

CM-triviality was introduced by E. Hrushovski in [12]. A stable theory T is
CM-trivial if the following three equivalent conditions concerning T eq are fulfilled.

(CMT1): Suppose that B1, B2, and E are algebraically closed, B1 and B2 are
independent over E, acl(B1B2) ∩ acl(EBi) = Bi, and Bi ∩ E = A. Then B1

and B2 are independent over A.
(CMT2): If E is algebraically closed and C1 and C2 are independent over E,

then C1 and C2 are independent over acl(C1C2) ∩E.
(CMT3): Let A and B be algebraically closed. Assume acl(Ac)∩B = A. Then
Cb(c/A) ⊆ acl(Cb(c/B)).

A 1-based theory is CM-trivial. E. Hrushovski’s new strongly minimal theory is
CM-trivial but not 1-based. (For all of the above see [12].) If Tc is the theory of a
model of T with constants for some fixed finite sequence c, then T is CM-trivial iff
Tc is CM-trivial, as mentioned by A. Pillay in [21]. Furthermore he mentioned in
that paper that it is sufficient to replace (CMT3) by the following:

(CMT3): Let c be a tuple in the monster model C of T . Assume that M � N
are elementary submodels of C with acl(cM)∩N = M . Then Cb(tp(c/M)) ⊆
acl(Cb(tp(c/N))).

Let G be any model of Σ. Let a1, a2, and a3 be three elements in G that are
linearly independent over Z(G). Let Σ∗ be the elementary theory of (G; a1, a2, a3)
with constants for the three fixed elements. Note that Σ∗ is independent from the
choice of G and the elements a1, a2, a3, because of axiom (Σ3) and Lemma 7.5. Let
Σ∗ be the elementary theory of the vector space G with the fixed elements a1/Z,
a2/Z, a3/Z and the relation R(x, y, z) defined by [a1/Z, x] = [y, z], where [ , ] is
the alternating bilinear map on G×G into Z(G) given by the commutator. Let Γ
be this interpretation of Σ∗ in Σ∗.

Lemma 8.1. There is an interpretation Λ of Σ∗ in Σ∗ such that every model
(G; a1, a2, a3) of Σ∗ is isomorphic to Λ(Γ(G; a1, a2, a3)) and for every model M
of Σ∗ there is an isomorphism between M and Γ(Λ(M)) definable in Meq.

Proof. Let (G; a1, a2, a3) be a model of Σ∗ and let BG be the corresponding alter-
nating bilinear map in B of G×G into Z(G) with three fixed constants. By (Σ2)
and (Σ3), [a1/Z, x] defines a vector space isomorphism of G/〈a1/Z〉 onto Z(G).
Hence R(x, y, z) gives an interpretation of BG in Γ(G). To prove the assertion
we define an interpretation of G in BG. We write the vector spaces G and Z(G)
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additively as above. Starting with BG we define in BG a group G+ isomorphic to
G. G+ consists of all tuples (a, x) with a ∈ G and x ∈ Z(G). The multiplication is
given by (a, x) ◦ (b, y) = (a + b, x + y + [a, b]). It is easily seen that this defines a
group. (0, 0) is the unit and (−a,−x) is the inverse element of (a, x). Furthermore
[(a, x), (b, y)] = (0, 2[a, b]). G+ fulfills (Σ1) and (Σ2)w. If g0, g1, g2, . . . is a basis of

G, then the images of (g0, 0), (g1, 0), (g2, 0), . . . in G
+

form a basis of G
+

. A linear
combination of commutators over g0, g1, g2, . . . is 0 if and only if the corresponding
linear combination of commutators over (g0, 0), (g1, 0), (g2, 0), . . . is 0. By Lemma
3.1 G and G+ are isomorphic, as desired. The definition of G+ in Γ(G) gives the
desired interpretation Λ.

By Lemma 8.1 we have that Σ∗ is the theory of the full structure definable on
G in (G; a1, a2, a3).

Now we consider a model Γ(G) of Σ∗ living in a model G of Σ∗ via the given
interpretation. We do not mention the fixed three elements, but we will need them
later. We get that Σ∗ is strongly minimal. Furthermore an automorphism χ of
Γ(G) corresponds to an automorphism of the alternating bilinear map BG living
in G. By Lemma 3.1 we can extend χ to an automorphism of G. Hence Γ is an
interpretation without new information in the sense of [3]. As shown in [4], forking
for subsets of Γ(G) does not depend on whether we consider them in Σ∗ or in Σ∗.

Since we have fixed three linearly independent elements in every model M of
Σ∗, acl(∅) is infinite in M (in the real sort!). As mentioned by A. Pillay in [26], a
strongly minimal theory with this property allows weak elimination of imaginaries.
This notion was introduced by B. Poizat in [25]. We will use this property to
prove CM-triviality of Σ∗. First we will show that CM-triviality of Σ∗ will imply
CM-triviality of Σ. For this we will use the third form of the definition.

Lemma 8.2. If Σ∗ is CM-trivial, then Σ is CM-trivial.

Proof. Assume that Σ∗ is CM-trivial. We will show the CM-triviality of Σ∗. Then
the CM -triviality of Σ follows, as mentioned above (see [21]). We use (CMT3).
Assume that c is a tuple in the monster model C of Σ∗. Let G � H be elementary
submodels of C such that acl(cG) ∩H = G. We have to show that Cb(tp(c/G)) ⊆
Cb(tp(c/H)). Since in a model of Σ∗ every tuple is interalgebraic with a tuple of
elements that are linearly independent over Z + 〈{a1, a2, a3}〉, we can assume that
the elements of c are linearly independent over Z+ 〈{a1, a2, a3}〉. Let us write Γ(c)
for the image of c in the monster model Γ(C) of Σ∗. Let Γ(G) and Γ(H) be the
elementary submodels of Γ(C) that correspond to G and H respectively. Again
Γ(G) � Γ(H), and in Γ(C) we have acl(Γ(c)Γ(G))∩Γ(H) = Γ(G). (CMT3) for Σ∗

implies Cb(tp(Γ(c)/Γ(G))) ⊆ acl(Cb(tp(Γ(c)/Γ(H)))) By the weak elimination of
imaginaries for Σ∗ we have finite subspaces A0 ⊆ A1 of Γ(C) such that A0 ⊆ Γ(G)
is interalgebraic with Cb(tp(Γ(c)/Γ(G))) and A1 ⊆ Γ(H) is interalgebraic with
Cb(tp(Γ(c)/Γ(H))). Now we consider A0 and A1 as subspaces in the sort C/Z(C)
in C. We claim that A0 is interalgebraic with Cb(tp(c/G)) and A1 is interalgebraic
with Cb(tp(c/H)). Then the assertion of the lemma follows. We consider the first
case. The second works in the same way.

Let K be any elementary extension of G and let tp(d/K) be the non-forking
extension of tp(c/G). We have to show that for all possible K and d above:

(i) Let Π be the set of all automorphisms of the monster model C that fixes A0

pointwise and K setwise. Then {tp(π(d)/K) : π ∈ Π} is finite.
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(ii) Let Ξ be the set of all automorphisms ξ of the monster model C such that
tp(ξ(d)/K) = tp(d/K) and ξ fixes K setwise. Then {ξ(A0) : ξ ∈ Ξ} is finite.

First we prove (i). If we restrict all π ∈ Π to Γ(C), then {tp(π(Γ(d))/Γ(K)) :
π ∈ Π} is finite since Cb(tp(Γ(c)/Γ(G))) ⊆ acl(A0). Assume π1, π2 ∈ Π and
tp(π1(Γ(d))/Γ(K)) = tp(π2(Γ(d))/Γ(K)). It remains to show that tp(π1(d)/K) =
tp(π2(d)/K). Let B be any finite subgroup of K with (Σ2)w that contains a1, a2,
and a3. In Γ(C) we have an isomorphism η of

CSS(〈Γ(π1(d))〉 + Γ(B)) onto CSS(〈Γ(π2(d))〉 + Γ(B))

that is the identity on

CSS(〈Γ(π1(d))〉 + Γ(B)) ∩ Γ(K) = CSS(〈Γ(π2(d))〉 + Γ(B)) ∩ Γ(K)

and that fulfills η(π1(d)) = π2(d). By Lemma 7.5 we get

tp(π1(d)/K) = tp(π2(d)/K),

as desired.
(ii) follows immediately from the corresponding statement in Γ(C).

The following lemma is an essential part of the proof of the CM-triviality of Σ∗.

Lemma 8.3. Let A and B be finite S-structures that satisfy (Σ3), where B is a
minimal extension of A. Assume that b1, . . . , bn is a linear basis of B over A, and
that N(B) is freely generated over N(A) by relations ∆1, . . . ,∆n of the following
form:

∆i =
∑

1≤j≤n
aij ∧ bj + Ψi,

where aij ∈ A and Ψi ∈ ∧2A. Finally, assume that it is impossible to present N(B)
over N(A) as above without the use of nontrivial Ψi’s. Then (Σ4) for A implies
(Σ4) for B.

Note first that we can replace b1, . . . , bn by any other basis of B over A. The
basis of N(B) over N(A) we get with respect to the new basis of B over A has
again the form described above and the new elements replacing the aij’s generate

again the subspace 〈{aij : 1 ≤ i, j ≤ n}〉 of A. Hence this subspace is uniquely
determined by B.

Proof. Let Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h be a reduced k-system in B. If it is completely

in A, then we are done. Otherwise we choose a basis Y aY b of 〈Y 〉 such that 〈Y a〉 =
〈Y 〉 ∩A. If there is some X+

i such that X+
i ⊆ A modulo 〈Y 〉, then w.l.o.g. we can

assume that i = 1. Use (S3) and (S4). Using a well-tolerated automorphism we can
assume that X+

1 = XaXb, where Y aXa is a basis of 〈Y X+
1 〉 ∩A. For 2 ≤ i ≤ h we

choose a basis ViUi of 〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉 over 〈Y X+

1 X
+
2 X

−
2 . . .X+

i−1X
−
i−1〉

such that Vi ⊆ A and Ui is linearly independent over 〈Y X+
1 X

+
2 X

−
2 . . . X+

i−1X
−
i−1〉+

A. To prove the next claim we use the special form of the free generators of N(B)
over N(A).

(1) Assume k > 0. Then for 2 ≤ i ≤ h Vi 6= ∅.

Proof of (1). Assume Vi = ∅. We consider the condition (S1). Then X+
i X

−
i is

part of a basis of B over A + 〈Y X+
1 X

+
2 X

−
2 . . . X+

i−1X
−
i−1〉. Since k > 0 there are

1 ≤ s < t ≤ k such that αlst(x
i
s ∧ xit) occurs in Φil in (S1), where αlst 6= 0. But
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then it is impossible to get Φil as a linear combination of the ∆j ’s above modulo
∧2A.

(2) Assume Vi 6= ∅ for 2 ≤ i ≤ h. Then 〈Y X+
1 〉 6⊆ A.

Proof of (2). We assume toward a contradiction that 〈Y X+
1 〉 ⊆ A. Since the re-

duced k-sequence under consideration is not contained in A, there exists a minimal
i0 such that 2 ≤ i0 ≤ h and Ui0 6= ∅. Since 〈Y X+

1 X
+
2 X

−
2 . . . X+

i0
X−i0 〉 is a minimal

extension of 〈Y X+
1 X

+
2 X

−
2 . . . X+

i0−1X
−
i0−1〉, Vi0 6= ∅, and Ui0 6= ∅, we get

dim(N(〈Y X+
1 X

+
2 X

−
2 . . . X+

i0
X−i0 〉))

− dim(N(〈Y X+
1 X

+
2 X

−
2 . . .X+

i0−1X
−
i0−1Vi0)) > |Ui0 |.

But then δ(A+ 〈Ui0〉) < δ(A), a contradiction to the minimality of B over A.

The next assertion together with (1) implies the assertion of the lemma in the
case 0 < k.

(3) Assume that Vi 6= ∅ for 2 ≤ i ≤ h. Then h < |Y |+ k + 2, as desired.

Proof of (3). Assume |Y | + k + 2 ≤ h. Let ni = |Ui|. We show by induction on i
(for 2 ≤ i ≤ h) that:

(∗i) There are mi relations Θ1, . . . ,Θmi in N(Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i ) linearly

independent over N(A), where mi =
∑

2≤j≤i(nj + 1).

We prove the assertion for i + 1 (1 ≤ i < h). First assume Ui+1 6= ∅. Since
〈Y X+

1 X
+
2 X

−
2 . . .X+

i+1X
−
i+1〉 is a minimal extension of 〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉 and

Vi+1 6= ∅, there are Θmi+1, . . . ,Θmi+ni+1+1 ∈ N(〈Y X+
1 X

+
2 X

−
2 . . . X+

i+1X
−
i+1〉)

which are linearly independent over N(〈Y X+
1 X

+
2 X

−
2 . . .X+

i X
−
i Vi+1〉). Then

Θmi+1, . . . ,Θmi+ni+1+1

are linearly independent over

N(〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i Vi+1〉) + ∧2A,

since every nontrivial linear combination of them contains some u ∧ x where u ∈
Ui+1. The assertion follows.

If Ui+1 = ∅, then by (2) we get again Y bXb 6= ∅. We will show that we can find
the desired Θmi+1 in

N(〈Y X+
1 X

+
2 X

−
2 . . .X+

i+1X
−
i+1〉) \ ∧2(〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉) + ∧2A

We work with the basis Y aY bXaXbU2V2 . . . UiViVi+1. We consider Φi+1
j in (S1):∑

1≤s<t≤k
αjst
(
(xi+1
s ∧ xi+1

t )− (x1
s ∧ x1

t )
)

+
∑

1≤t≤k
(yjt ∧ (xi+1

t − x1
t )) +

∑
k<t≤r

(yjt ∧ zi+1
t ).

By assumption XaXb = X+
1 . We can choose Vi+1 = {v1, . . . , vr} ⊆ A in such a

way that xi+1
t = vt + ct for 1 ≤ t ≤ k and zi+1

t = vt + ct for k < t ≤ r, where
ci ∈ 〈Y bXbU2 . . . Ui〉. First we assume Y b 6= ∅. Let y be an element of Y b. We show
that there is some j such that the representation of Φi+1

j with respect to the basis

Y aY bXaXbU2V2 . . . UiViVi+1 contains a basic commutator y ∧ vt. Then Φi+1
j 6∈

∧2〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉+∧2A and the assertion follows. First we assume that
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y occurs in the linear presentation of yjt for some t > k. Then y ∧ vt cannot vanish.

Now we assume that, for all j, y only occurs in the presentation of yjt with respect

to the basis Y = Y aY b if t ≤ k. Then yjt = γjt y + wjt for 1 ≤ j ≤ r and 1 ≤ t ≤ k,

where wjt ∈ 〈Y \ {y}〉 and yjt ∈ 〈Y \ {y}〉 if k < t. For 1 ≤ t ≤ k we write
xi+1
t = vt + εty + dt, where vt ∈ Vi+1 as above and dt ∈ 〈(Y b \ {y})XbU2 . . . Ui〉.

If we rewrite Φi+1
j with respect to the basis Y XaXbU2V2 . . . UiViVi+1, then the

coefficient of the basic commutator y ∧ vt is∑
1≤s<t

αjstεt −
∑
t<s≤k

αjtsεt + γjt .

If there is some j (1 ≤ j ≤ r) and some t (1 ≤ t ≤ k) such that this coefficient
is not 0, then Φi+1

j 6∈ ∧2(〈Y X+
1 X

+
2 X

−
2 . . . X+

i X
−
i 〉) + ∧2A, as desired. If all these

coefficients are 0, then we consider the following well-tolerated automorphism e:
e(xit) = xit − εty for 1 ≤ t ≤ k, e(zit) = zit, and e(a) = a for a ∈ 〈Y 〉. If we rewrite
Φij with respect to the basis e(Y X+

1 X
+
2 X

−
2 . . .X+

h X
−
h ), then

Φij =
∑

1≤s<t≤k
αjst((e(x

i
s) ∧ e(xit))− (e(x1

s) ∧ e(x1
t )))

+
∑

1≤t≤k
(wjt ∧ (e(xit)− e(x1

t ))) +
∑
k<t≤r

(yjt ∧ e(zit)).

Since yjt ∈ 〈Y \ {y}〉 for k < t ≤ h and wjt ∈ 〈Y \ {y}〉, we get (S1) with a smaller
Y , a contradiction to (S4).

If Y b = ∅, then Xb 6= ∅ by (2). By assumption Xb 6= ∅ implies that X+
i+1 6⊆ A

modulo 〈Y 〉. Hence there is some t0 such that 1 ≤ t0 ≤ k and ct0 /∈ 〈Y 〉. We fix some
u in XbU2, . . . , Ui that occurs in ct0 . Then we apply a well-tolerated automorphism
to 〈X+

i+1〉 such that u occurs exactly in ct0 . That means we subtract suitable sxi+1
t0

from each xi+1
t with t 6= t0 and 1 ≤ t ≤ k. Then we choose some s and j with

αjt0s 6= 0 or αjst0 6= 0 respectively. It follows that u∧vs will not vanish in Φi+1
j . Hence

Φi+1
j ∈ N(〈Y X+

1 X
+
2 X

−
2 . . .X+

i+1X
−
i+1〉) \ (∧2(〈Y X+

1 X
+
2 X

−
2 . . . X+

i X
−
i 〉) + ∧2A).

Now we compute δ(Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h +A)− δ(A):

dim(Y X+
1 X

+
2 X

−
2 . . .X+

h X
−
h +A)− dim(A) = |Y b|+ |Xb|+

∑
2≤j≤h

nj .

On the other hand by the induction above

dim(N(〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉+A))− dim(N(A)) ≥ (

∑
2≤j≤h

nj) + h− 1.

Hence

δ(〈Y X+
1 X

+
2 X

−
2 . . . X+

h X
−
h 〉+A)− δ(A) ≤ |Y b|+ |Xb| − h+ 1.

If h ≥ |Y |+k+2, then this number is negative, a contradiction to the selfsufficiency
of A.

Now (1) and (3) imply the assertion for the case 0 < k. We assume k = 0. If for
all 2 ≤ j ≤ h we have Vj 6= ∅, then by (3) we obtain again the assertion. Hence we
can assume w.l.o.g. that V2 = ∅. Use (S2). We show that this is impossible. First
we have to prove:

(4) If k = 0 and V2 = ∅, then Y ⊆ A.
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V2 = ∅ implies that X−2 is linearly independent over A. By (S1) the Φ2
j =∑

1≤t≤r(y
j
t ∧ z2

t ) for 1 ≤ j ≤ r generate N(〈Y X−2 〉) over N(〈Y 〉) freely. If some yjt
(1 ≤ t ≤ r) is not in A, then it is impossible to write Φ2

j as a linear combination of

∆1, . . . ,∆n modulo ∧2A. Hence (4) is shown.

Now (4) implies that 〈Y X−2 〉 is a minimal extension of 〈Y 〉 ⊆ A. Then Φ2
1, . . . ,Φ

2
r

are linearly independent over ∧2A. We have 〈AX−2 〉 = B and r = n. But in the
assumptions of the lemma we have excluded such a basis Φ2

1, . . . ,Φ
2
n of N(B) over

N(A) that only uses basic commutators ai ∧ bi where ai ∈ A and b1, . . . , bn is a
basis of B over A. Hence we have the desired contradiction.

Lemma 8.4. Σ∗ is CM-trivial.

Proof. Let M be a saturated model of Σ∗. Then Lemma 8.1 gives a model G of
Σ∗ defined in M . G is saturated, and M is the induced structure on G. We also
use M to denote the corresponding S-structure. The following proof uses the fact
that M is strongly minimal, that acl = cl, and that independence in the sense of
forking is geometrical independence.

Assume B1, B2, A, and E are algebraically closed sets in Meq. Let Bi be
acl(BiE). Furthermore assume that the following conditions are fulfilled:

i) acl(B1 + B2) ∩Bi = Bi.
ii) Bi ∩ E = A.
iii) B1 and B2 are independent over E.

We have to show that B1 and B2 are independent over A.
Since Σ∗ has weak elimination of imaginaries, every algebraically closed set is

the algebraic closure of an algebraically closed set in the real sort. Hence we can
work in the model M instead of Meq. By iii)

B1 +B2 = B1 ?E B2

and B1 +B2 is selfsufficient in M .
Since B1∩B2 = E we obtainB1∩B2 ⊆ E. Hence Bi∩E = A implies B1∩B2 = A.

It is sufficient to show that B1 +B2 is selfsufficient and

B1 +B2 = B1 ?A B2.

W.l.o.g. we assume that all sets considered have finite geometrical dimension.

(5) B1 +B2 is selfsufficient .

Indeed, we know that (B1 + B2) ∩ acl(B1 + B2) is selfsufficient. Hence we can
work in this selfsufficient subspace. If B1 + B2 was not selfsufficient, then there
would exist an extension D of B1 +B2 such that

the linear dimension of D over (B1 +B2) is finite,

D ⊆ acl(B1 +B2) ∩ (B1 +B2), and

δ(D) < δ(B1 +B2).

Since acl(B1+B2)∩Bi = Bi, D has a linear basis {u1+v1, . . . , un+vn} overB1+B2,
where u1, . . . , un ∈ B1 are linearly independent over B1 + E and v1, . . . , vn ∈ B2

are linearly independent over B2 +E (Lemma 4.2).
Since δ(D) < δ(B1 + B2), there are m > n many relation Φ1, . . . ,Φm in N(D)

that are linearly independent over ∧2(B1 + B2). By Lemma 4.3 there are aji ,
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Ψ1
j ∈ ∧2B1, Ψ2

j ∈ ∧2B2, and Ij ∈ ∧2E for 1 ≤ j ≤ m, 1 ≤ i ≤ n such that

Φj =
∑

1≤i≤n
(aji ∧ (ui + vi)) + Ψ1

j + Ψ2
j ,

Φ1
j =

∑
1≤i≤n

(aji ∧ ui) + Ψ1
j + Ij ∈ N(B1),

Φ2
j =

∑
1≤i≤n

(aji ∧ vi) + Ψ2
j − Ij ∈ N(B2).

Note that it follows that A 6= ∅. The linear independence of Φ1, . . . ,Φm over
∧2(B1+B2) implies that the (

∑
1≤i≤n a

j
i∧ui) for 1 ≤ j ≤ m are linearly independent

over ∧2(B1 +E) and the (
∑

1≤i≤n a
j
i ∧ vi) for 1 ≤ j ≤ m are linearly independent

over ∧2(B2 +E). Hence Φ1
1, . . . ,Φ

1
m are linearly independent over ∧2(B1 +E) and

Φ2
1, . . . ,Φ

2
m are linearly independent over ∧2(B2 + E). W.l.o.g. we can assume

that there is some m0 ≤ m such that Ij = 0 for 1 ≤ j < m0 and Im0 , . . . , Im
are linearly independent over ∧2A. Then m0 ≤ n ≤ m, since otherwise δ(B1 +
〈u1, . . . , un〉) ≤ δ(B1) would imply u1, . . . , un ∈ B1, a contradiction. Assume that
D is chosen of minimal size over B1 +B2. That means n is minimal. Let B′1 ⊆ B1,
E′ ⊆ E, and A′ ⊆ A be finite selfsufficient subspaces such that δ(B′1) = d(B1),
δ(E′) = d(E), δ(A′) = d(A), Ij ∈ ∧2E′, Ψ1

j ∈ ∧2B′1 (for 1 ≤ j ≤ m, 1 ≤ i ≤ n),
and E′ ∩A = B′1 ∩A = A′ = E′ ∩B′1.

Let (E′, N(E′)) be the S-structure corresponding to E′. We define a finite S-
structure C that extends E′. We prove that C is an algebraic extension of E′ that
satisfies (Σ3) and (Σ4). C is freely generated by c1, . . . , cn over E′, and N(C) is

freely generated over N(E′) by ∆1, . . . ,∆n, where ∆j = (
∑

1≤i≤n a
j
i ∧ ci) + Ij is

obtained from Φ1
j (1 ≤ j ≤ n) above.

(6) δ(C) = δ(E′) and C satisfies (Σ3).

We prove (6). The linear independence of Φ1
1, . . . ,Φ

1
n over ∧2(E + B1) implies

that ∆1, . . . ,∆n are linearly independent over ∧2E′. Hence δ(C) = δ(E′). For the
proof of (6) we show for every subspace K of C:

(7) δ(K) ≥ δ(K ∩ E′).
If dim(K)− dim(K ∩E′) = n, then (7) is clear. Assume δ(K) < δ(K ∩E′). We

show a contradiction. Let K be freely generated by d1, . . . , dl over K ∩ E′. Then
l < n and there are l+ 1 relations Θ1, . . . ,Θl+1 in N(K) linearly independent over
∧2(K ∩ E′). Note that every Θj is a linear combination of ∆1, . . . ,∆n modulo
N(E′). Every di is a linear combination d+

i of c1, . . . , cn modulo E′. These d+
i are

linearly independent over E′. If we consider the corresponding linear combinations
w+
i of u1 + v1, . . . , un + vn, then

δ(B1 +B2 + 〈w+
1 , . . . , w

+
l 〉) < δ(B1 +B2),

a contradiction to the minimality of n. This proves (7).

From (7) we get δ(K) ≥ 3, if dim(K ∩ E′) ≥ 3, because (Σ3) is true for E′.
Let us assume that dim(K ∩ E′) < 3. Then

δ(K ∩ E′) = dim(K ∩E′) and dim(K ∩A′) < 3.

We discuss the three possible cases for dim(K ∩A′).
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If dim(K ∩ A′) = 0, then no nontrivial linear combination of ∆1, . . . ,∆n is in

N(K) modulo N(E′), since the (
∑

1≤i≤n a
j
i ∧ ci)’s are linearly independent. Then

δ(K) = δ(K ∩E′) + dim(K)− dim(K ∩ E′) = dim(K), as desired.
If dim(K ∩A′) = 1, then either N(K) = N(K ∩E′) = 0 or there is a relation of

the form ∆ = a ∧ d + I in N(K), where 〈a〉 = K ∩ A′, I ∈ ∧2(E′ ∩K) and d = c
modulo E′, where c is a nontrivial linear combination of c1, . . . , cn. ∆ has this form
because w.l.o.g. it is a linear combination of the ∆i’s . We can rewrite ∆ as a∧c+I ′,
where I ′ ∈ ∧2E′. We find a linear combination Ψ ∈ N(E + B1 + 〈{u1, . . . , un}〉)
of Φ1

1, . . . ,Φ
1
n corresponding to ∆. That means that in the linear combination

∆ we replace every ∆i by the corresponding Φ1
i . We get that Ψ is of the form

a∧ u+ Ψ1 + I ′, where Ψ1 ∈ ∧2B1, and u is a nontrivial combination of u1, . . . , un.
Since E is algebraically closed, there is some e ∈ E with a ∧ e = I ′ (use (Σ2)).
Since B1 is algebraically closed, there is some b ∈ B1 with a ∧ b = Ψ1. Hence
a ∧ (u + e + b) ∈ N(E + B1). By (Σ3) for M we obtain u + e + b = ra. Then
u = ra − e − b ∈ E + B1. This is a contradiction, since u1, . . . , un are linearly
independent over E +B1.

There remains the case dim(K∩A′) = 2. Then K∩A′ = K∩E′. If dim(K) = 2,
then K = K∩A′ and δ(K) = dim(K) = 2, as desired. Otherwise dim(K) = r+2 >
2. We suppose δ(K) < 3 and derive a contradiction. By (7) δ(K) = δ(K ∩A′) = 2.
Hence there are r linear combinations Θ1, . . . ,Θr in N(K) linearly independent
over ∧2(K ∩ A′). There are linear combinations b1, . . . , br of c1, . . . , cn that are
linearly independent and elements e1, . . . , er ∈ E′ such that

K = (K ∩A′) + 〈b1 + e1, . . . , br + er〉.

Since we can replace c1, . . . , cn by any other basis of C over E′, we can assume
w.l.o.g. that ci = bi and ei = 0 for 1 ≤ i ≤ r. Since every Θi has to be a
nontrivial linear combination of the ∆j modulo N(E′) we can assume w.l.o.g that
Θ1 = ∆1, . . . ,Θr = ∆r. ∆i ∈ N(K) implies Ii ∈ ∧2(K ∩ A′). Hence Φ1

1, . . . ,Φ
1
r ∈

N(B1 + 〈u1, . . . , ur〉) are linearly independent over N(B1). Hence u1, . . . , un ∈ B1,
a contradiction. (6) is shown.

If C is not a minimal extension of E′, then there are E′ = C0 ⊆ C1 ⊆ . . . ⊆ Cs =
C such that Ci+1 is a minimal extension of Ci for 0 ≤ i < s. Every Ci+1 is freely
generated by some d1, . . . , dl over Ci, and N(Ci+1) is freely generated over N(Ci)

by l relations of the form (
∑

1≤i≤l a
j
i ∧ di) + Jj , where aji ∈ A′ and Jj ∈ ∧2Ci.

These relations are linear combinations of ∆1, . . . ,∆n modulo N(E′). We cannot
choose d1, . . . , dl in such a way that J1 = . . . = Jl = 0. Otherwise we could choose
the corresponding u1, . . . , ul in B1, a contradiction. Hence we can apply Lemma
8.3 to every Ci+1 over Ci. We have (Σ4) for all Ci:

(8) C satisfies (Σ4).

Now we can apply axiom (Σ5) successively to every Ci+1 over Ci. Since M was
chosen saturated, there is a selfsufficient image of C in M . We denote it again by
C. Since E was algebraically closed, C ⊆ E. Hence we have c1, . . . , cn in E such
that for 1 ≤ j ≤ n

(
∑

1≤i≤n
aji ∧ ci) + Ij ∈ N(E).
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It follows that

(
∑

1≤i≤n
aji ∧ (ui − ci)) + Ψ1

j ∈ N(B1).

Since these relations are linearly independent over N(B′1), aji ∈ A′, and Ψ1
j ∈ ∧2B′1,

we obtain that ui− ci are in the algebraic closure of B′1, i.e., in B1. We have shown
that ui = ci + (ui − ci) ∈ E +B1, a contradiction. Hence B1 +B2 is selfsufficient,
as desired.

It remains to show that B1 +B2 = B1 ?A B2. This follows from:

(9) δ(B1 +B2) = δ(B1) + δ(B2)− δ(A).

By Lemma 3.4 we have δ(B1 +B2) ≤ δ(B1)+ δ(B2)− δ(A). To show equality we
consider some Φ in N(B1 +B2). Since we work in B1 ?E B2 we obtain by Lemma
4.3 Φ = Φ1 + I + Φ2 − I, where Φ1 + I ∈ N(B1), Φ2 − I ∈ N(B2), Φ1 ∈ ∧2B1,
Φ2 ∈ ∧2B2, and I ∈ ∧2E. Let a be one of the fixed constants in M . By (Σ2) there
is some e ∈ E such that a∧ e+ I ∈ N(E). Then Φ1− a∧ e ∈ N(B1). Since a ∈ B1,
Φ1 ∈ ∧2B1, and B1 is algebraically closed we obtain e ∈ B1. On the other hand
Φ2 + a∧ e ∈ N(B2). Similarly as above we obtain e ∈ B2. Hence e ∈ B1 ∩B2 = A.
Then Φ = Φ1−a∧e+Φ2 +a∧e, where Φ1−a∧e ∈ N(B1) and Φ2 +a∧e ∈ N(B2),
as desired. CM-triviality of Σ∗ is shown.

Lemma 8.2 and Lemma 8.4 imply

Theorem 8.5. Σ is CM-trivial.

CM-triviality implies the non-interpretability of a field and of a simple group in
the case of finite Morley rank, as proved by A. Pillay [21]. Hence from Theorem
8.5 we conclude:

Theorem 8.6. No field is interpretable in Σ.

Together with Theorem 2.1 we obtain:

Corollary 8.7. Every group interpretable in Σ is a direct sum of a group that is
nilpotent by finite and of bounded exponent, and an abelian group.

Furthermore we have proved in [6]:

Theorem 8.8. Every group interpretable in Σ is nilpotent by finite and of bounded
exponent.
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9. R. Fraissé, Sur l’extension aux relations de quelques propriétés des ordres, Ann. Sci. École
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